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Basics of Control System

1
1.1 Background

In recent years, concept of automatic control has achieved a very important position in
advancement of modern science. Automatic control systems have played an important role
in the advancement and improvement of engineering skills.

Practically, every activity in our day to day life is influenced by some sort of control
system. Concept of control systems also plays an important role in the working of space
vehicles, satellites, guided missiles etc. Such control systems are now integral part of the
modern industrialization, industrial processes and home appliances. Control systems are
found in number of practical applications like computerised control systems, transportation
systems, power systems, temperature limiting systems, robotics etc.

Hence for an engineer it is absolutely necessary to get familiar with the analysis and
designing methods of such control systems.

This chapter includes the concept of system and control system. Then it gives the
classification of control systems. It includes the discussion of various types of control
systems supported with number of real time applications.

1.2 Definitions

To understand the meaning of the word control system, first we will define the word
system and then we will try to define the word control system.

System : A system is a combination or an arrangement of different physical components which
act together as an entire unit to achieve certain objective.

Every physical object is actually a system. A classroom is a good example of physical
system. A room along with the combination of benches, blackboard, fans, lighting
arrangement etc. can be called a classroom which acts as an elementary system.

Another example of a system is a lamp. A lamp made up of glass, filament is a
physical system. Similarly a kite made up of paper and sticks is an example of a physical
system.

Similarly system can be of any type i.e. physical, ecological, biological etc.

(1-1)
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In such system, output or part of the output is fedback to the input for comparison
with the reference input applied to it.

Closed loop system can be represented as shown in the Fig. 1.12.

Error detector

= Forward path

ct)

mft
Command ] _ |Reference | Controller i) Process to be . Controlled
input transducer T controlled " output
Reference | + L . .
input Error signal e(t) 4
b(t)
- Feedback -
Feedback signal element

b(t) <zz==z Feedback path

Fig. 1.12 Representation of closed loop control system
The various signals are,

r(t) = Reference input e(t) = Error signal
c(t) = Controlled output m(t) = Manipulated signal  b(t) = Feedback signal

It is not possible in all the systems that available signal can be applied as input to the
system. Depending upon nature of controller and plant it is required to reduce it or
amplify it or to change its nature i.e. making it discrete from continuous type of signal etc.
This changed input as per requirement is called reference input which is to be generated
by using reference transducer. The main excitation to the system is called its command
input which is then applied to the reference transducer to generate reference input.

Practically many electronic integrated circuits work on the d.c. voltage range of
5 to 10 V. The supply available is 230 V a.c. Hence the reference input voltage in the range
of 5 to 10 V d.c. is obtained from the command input 230 V a.c. and proper rectifying unit.

The part of output, which is to be decided by feedback element is fed back to the

reference input. The signal which is output of feedback element is called ‘feedback signal’
b(t).

It is then compared with the reference input giving error signal e(t) = r(t) £ b(t)

When feedback sign is positive, systems are called positive feedback systems and if it
is negative systems are called negative feedback systems.

This error signal is then modifiéed by controller and decides the proportional
manipulated signal for the process to be controlled.

This manipulation is such that error will approach zero. This signal then actuates the
actual system and produces an output. As output is controlled one, hence called controlled
output c(t).
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1.5.1 Advantages
The advantages of closed loop system are,

1) Accuracy of such system is always very high because controller modifies and
manipulates the actuating signal such that error in the system will be zero.

2) Such system senses environmental changes, as well as internal disturoances and
accordingly modifies the error.

3) In such system, there is reduced effect of nonlinearities and distortions.

4) Bandwidth of such system i.e. operating frequency zone for such system is very
high.

1.5.2 Disadvantages
The disadvantages of closed loop system are,

1) Such systems are complicated and time consuming from design point of view and
hence costlier.

2) Due to feedback, system tries to correct the error from time to time. Tendency to
overcorrect the error may cause oscillations without bound in the system. Hence
system has to be designed taking into consideration problems of instability due to
feedback. The stability problems are severe and must be taken care of while
designing the system.

1.5.3 Real Time Applications of Closed Loop System

1.5.3.1 Human Being

The best example is human being. If a person wants to reach for a book on the table,
closed loop system can be represented as in the Fig. 1.13.

Position of the book is given as the reference. Feedback signal from eyes, compares the
actual position of hands with reference position. Error signal is given to brain. Brain
manipulates this error and gives signal to the hands. This process continues till the
position of the hands get achieved appropriately.

Input e :
Reference Brain |———{ Hands . Eg:i't'igg
D ook of the hands
of book
A
+ Eyes -

Fig. 1.13 Human being
1.5.3.2 Home Heating System
In this system, the heating system is operated by a valve. The actual temperature is
sensed by a thermal sensor and compared with the desired temperature. The difference
between the two, actuates the valve mechanism to change the temperature as per the
requirement.
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Desired + [ Va - Heating | House
temperature ave — system temperature

Temperature |
sensor

Fig. 1.14 Domestic heating system
1.5.3.3 Ship Stabilization System

In this system a roll sensor is used as a feedback element. The desired roll position is

Ship stabilisation system

L Sea water
AN level
\
Fing —»
\\
AY
\
\\
\ 9c~
\\/‘\ Roll position

Fig. 1.15 Ship stabilization system

selected as 6, while actual roll position is 6. which is compared with 8, to generate
controlling signal. This activates fin actuator in proper way to stabilize the ship.

Desired roll + Fin ] Actual controlled roll
5 actuator Ship > 8
Roll
sensor
Fig. 1.16

1.5.3.4 Manual Speed Control System

A locomotive operator driving a train is a good example of a manual speed control
system. The objective is to maintain the speed equal to the speed limits set. The entire
system is shown in the block diagram in the Fig. 1.17.
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Brain Hands
Speed ¥ ; Actual
? : | Control Actuator Ver:ncl_e
limit action mechanism Speed
Sensor
Eyes
Fig. 1.17
1.5.3.5 D.C. Motor Speed Control
Comparator

Shaft

Tachometer

couplin
. + '/ P
Potentiometer '
]

/

—d

/ + For
speed

feedback

Field current Tachometer
opnstant

Fig. 1.18 Speed control system
The D.C. shunt motor is used where field cwrent is kept constant and armature
voltage is changed to obtain the desired speed. The feedback is taken by speed tachometer.
This generates voltage proportional to speed which is compared with voltage required to
the desired speed. This difference is used to change the input to controller which
cumulatively changes the speed of the motor as required.

Enor

- Amplifier Armature Load
Desired Actual
speed speed

Tac wometer

Fig. 1.19 Speed control system
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1.5.3.6 Temperature Control System

The aim is to maintain hot water temperature constant. Water is coming with constant
flow rate. Steam is coming from a valve. Pressure thermometer ‘P’ is used as a feedback
element which sends a signal for comparison with the set point. This error actuates the
valve which controls the rate of flow of steam, eventually controlling the temperature of
the water.

Set

point ——»] Comparator fe

L '
5
o
=
Q

Vaive—_,

Output valve

Steam
flow

— Hot water

Fig. 1.20 Temperature control system

Desired  * Steam _ Actual
temperature | Valve flow Process temperature
Pressure
thermometer
Fig. 1.21

1.5.3.7 Missile Launching System

This is sophisticated example of military applications of feedback control. The enemy
plane is sighted by a radar which continuously tracks the path of the aeroplane. The
launch computer calculates the firing angle interms of launch command, which when
amplified drives the launcher. The launcher angular position is the feedback to the launch
computer and the missile is triggered when error between the command signal and missile
firing angle becomes 7ero. The system is shown in the Fig. 1.22.

1.5.3.8 Voltage Stabillzer

Supply voltage required for various single phase appliances must be constant and high
- fluctuations are generally not permitted. Voltage stabilizer is a device which accepts
variable voltage and outputs a fixed voltage.
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Flight path x
N
%/\\ /
EAA) 4
6/ \\ (4
LY \ Leadangle ¢
2N ’
kLI ¢
® \
Tracking 23N Actual
control = £ / position
Y ’
Launch -
computer
Feedback
Launch < Launcher
command
. Power
- ampiffier

Fig. 1.22 Missile launching system

Principle of such stabilizer is based on \controlling number of secondary turns as per
requirement to increase or decrease the output yoltage. The actual output voltage 1s sensed
by a transformer and potential divider arrangement. The reference voltage is selected
proportional to the desired output level. The actual output is compared with this to
generate error which in turn is inputted to the controller. The controller takes the proper
decision to increase or decrease the number of tumns so as to adjust the output voltage.
The scheme is shown in the Fig. 1.23.

B
=3t

input " _.-—T Anormat
Down

0
T__J To load
p o constant voltage

Controlied signal

>

Controller g
and "E
relays
+
Reference isolation transformer
voltage

Fig. 1.23 Voltage stabilizer
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The other examples of closed loop system are machine tool position control,
positioning of radio and optical telescopes, auto pilots for aircrafts, inertial guidance
system, automatic electric iron, railway reservation status display, sunseeker solar system,
water level controllers, temperature control system. So in closed loop feedback control
systems cause and effect relationship between input and output exists.

1.6 Comparison of Open Loop and Closed Loop Control System

Sr. Open Loop ) Closed Loop

No.

1. Any change ih output has no effect on the| Changes in output, affects the input which is
input i.e. feedback does not exists. possible by use of feedback.

2. Output measurement is not required for|] Qutput measurement is necessary.
operation of system.

3. Feedback element is absent. Feedback element is present.

4, Error detector is absent. - Error detector is necessary.

5. it is inaccurate and unreliable. Highly accurate and reliable.

6. Highly sensitive to the disturbances. Less sensitive to the disturbances.

7. Highly sensitive to the environmental changes. Less sensitive to the environmental changes.

8. Bandwidth is small. Bandwidth is large.

9. Simple to construct and cheap. Complicated to design and hence costly.

10. Generally are stable in nature. Stability is the major consideration while

designing
1. Highly affected by nonlinearities. Reduced effect of nonlinearities.

1.7 Servomechanisms

Definition : It is a feedback control system in which the controlled variable or the output is a
mechanical position or its time derivatives such as velocity or acceleration.

A simple example of servomechanism is a position control system. Consider a load
which requires a constant position in its application. The position is sensed and converted
to voltage using feedback potentiometer. It is compared with input potentiometer voltage
to generate error signal. This is amplified and given to the controller. The controller in
turn controls the voltage given to motor, due to which it changes its position.
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The scheme is shown in the Fig. 1.24.

+

Field current

constant
Error
voitage Amp.
—
/ — Gears
Generator Motor
) } !
8, 8,
Reference i Actual o
position - position
A 'T_ B
Input / \ codback
potentiometer potentiometer

Fig. 1.24 Position control system

Few other examples of servomechanisms are,
1) Power steering apparatus for an automobile.
2) Machine tool position control.

3) Missile launchers.

4) Roll stabilization of ships.

1.8 Regulating Systems (Regulators)

Definition : It is a feedback control system in which for a preset value of the rcference input,
the output is kept constant at its desired value.

In such systems reference input remains constant for long periods. Most of the times
the reference input or the desired output is either constant or slowly varying with time. In
_a regulator, the desired value of the controlled outputs is more or less fixed. Similarly the
reference input is also fixed and called set point. Thus the regulator maintains a constant
output for a fixed reference input. The problems due to disturbances are mainly rectified
by the regulator. A simple example of such regulator system is servostabilizer. We have
- seen earlier that in voltage stabilizer position of tap on secondary is adjusted by using
relay controls. But instead of fixed tap, the entire secondary can be smoothly tapped using
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a servomotor drive. The servomotor drives the shaft and controls the position of tap on
secondary as per the controller signal. Due to the fluctuations in the main input if the load
voltage changes, such effects are rectified by the regulator to keep load voltage constant.

The actual scheme is shown in the Fig. 1.25, while its block diagram representation is
shown in the Fig. 1.26.

ST A P
. Controlled
Main Tap M )Servo signal
input motor
Shaft
N
stabilised voltage *
Feedback
Amplifier
I 3
Controller >
7 Reference
Isolation input
transformer
Fig. 1.25 Regulating system
Error
Reference + | Controller Servo Secondary Actual
voltage olle: motor tap load voltage

Load voltage
sensing

Fig. 1.26
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Few other examples of regulating system are,
1) Temperature regulators.
2) Frequency controllers.

3) Speed governors.

1.9 Feedback and Feed Forward System

In the control systems considered uptill now, it is considered that the disturbance has
affected the output adversely. Such- an output is measured and compared with the
reference input to generate an error. This error is fed to the controller which is
successively operating the system to correct the output.

Thus such systems in which the effect of the disturbance must show up in the error
before the controller can take proper corrective action are called feedback systems.

If the disturbance is measurable, then the signal can be added to the controller input
to modify the actuating signal. Thus, a corrective action is initiated without waiting for the
effect of the disturbance to show up in the output i.e. cumulatively in the error. Thus the
undesirable effects of measurable disturbances by approximately compensating for them
before they affect the output. This is much more advantageous as in normal feedback
system the corrective action starts only after the output has been affected. -

Key Point: Such systems in which such corrective action is taken before disturbances affect
the output are called feed forward system.

A block diagram with feed forward concept is shown in the Fig. 1.27.

block
Reference | _ +
input + Qutput
Controller Actuator Process >
Fig. 1.27

The two difficulties associated with feed forward system are,
i) In some systems, the disturbancg may not be measurable.

ii) The feed forward compensation is an open loop technique and if actuator transfer
function is not known accurately, then such compensation cannot be achieved.
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Control system : To control means to regulate, to direct or to command. Hence a control
system is an arrangement of different physical elements connected in such a manner so as to
regulate, direct or command itself or some other system.

For example, if in a classroom, professor is delivering his lecture, the combination
becomes a control system as; he tries to regulate, direct or command the students in order
to achieve the objective which is to impart good knowledge to the students. Similarly if
lamp is switched ON or OFF using a switch, the entire system can be called a control
system. The concept of physical system and a control system is shown in the Fig. 1.1 and
Fig. 1.2.

Lamp
Switch
Lamp <+ Supply >
Fig. 1.1 Physical system Fig. 1.2 Control system

When a child plays with the kite, he tries to control it with the help of string and
entire system can be considered as a control system.

In short, a control system is in the broadest sense, an interconnection of the physical
components to provide a desired function, involving some kind of controlling action in it.

Plant : The portion of a system which is to be controlled or regulated is called the plant or
the Process.

Controller : The element of the system itself or external to the system which controls the plant
or the process is called controller.

For each system, there must be an excitation and system accepts it as an input. And
for analyzing the behaviour of system for such input, it is necessary to define the output
of a system.

Input : It is an applied signal or an excitation signal applied to a control system from an
external energy source in order to produce a specified output.

Output : It is the particular signal of interest or the actual response obtained from a control
system when input is applied to it.

Disturbances : Disturbance is a signal which tends to adversely affect the value of the
output of a system. If such a disturbance is generated within the system itself, it is called
an internal disturbance. The disturbance generated outside the system acting as an extra
input to the system in addition to its normal input, affecting the output adversely is called
an external disturbance.

Control systems may have more than one input or output. From the information
regarding the system, it is possible to well define all the inputs and outputs of the
systems.
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1.9.1 Real Time Application of Feed Forward System

In a particular process control industry, it is necessary to maintain the temperature of
a molten metal constant before giving it to the next process. For this a general temperature
control feedback system is used as shown in the Fig. 1.28.

Valve Controller
)
Steam
—
Stt(::l?e l::l Temperature
1442 1/1///11, sensor
y 4
2 A Feedback
4
=5 :
— Constant
Inlet Outlet temperature
utle required
Heat
exchanger

Fig. 1.28 Feedback system for temperature control
Practically if the rate of flow of metal from tank to heat exchanger gets disturbed, due
to change in level then the temperature gets affected. But it takes a long time to see its
effect at the output to take the corrective action.

Key Point: In feedback system, the corrective action can not be taken unless and untill output
gets disturbed.

Due to the time lag, it is not possible to keep the output temperature constant within
limits.

In such a case, feed forward system is used. The inlet flow rate is measured with the
flowmeter. Immediately when there is a change in rate of flow, it is indicated to the
controller through flowmeter before it is going to disturb the output. The controller takes
the corrective action in advance by adjusting the steam flow. Thus the output temperature
gets maintained constant within the limits. ~ *

Ke-y Point : The feed forward compensation, compensates the effect of disturbance before it
actually disturbs the output.

The system is shown in the Fig. 1.29 (a) while its block diagram representation is
shown in the Fig. 1.29 (b).

The feed forward minimizes the transient error due to measurable disturbances. While
feedback compensates for unmeasurable disturbances and other effects. Thus it is advisable
to incorporate both feedback and feed forward schemes in a system.

nl



Control System Engineering 1-21.. . . ... '* Basics of Control System

Valve Controller
Steam Feedback
Storage =~ signal

Ej Temperature
sensor

LLLLANLL L2 L L

s ow A
E 4 4
: /
{ V3 / Feed forward
R |
gmw, T pan . ¥
L: - -|-|t » Q ; Constant
nle ;YW mperatur
1 % Outlot temperature
I Flow meter I
(a) Feed forward system
Flow Disturbance
meter {change in
flow rate)
{———= Feed forward
Reference -
input Heat Constant
Controller |—={ Value * exchanger temperature
Temperature
sensor
<{——= Feedback

{b) Block diagram
Fig. 1.29 Practical example of feed forward system
1.10 Multivariable Control Systems

The control system in which there is only one output of the interest is called single
variable system. But in many practical applications more than one variables are involved.
A control system with multiple inputs and multiple outputs in called a multivariable
system.

The block diagram representation of a multivariable control system is shown in the
Fig. 1.30. The part of the system which is required to be controlled is called plant. The
controller provides proper controlling action depending on the reference inputs. There are
n reference inputs r;,

-t

There are n output variables ci(t), ca(t),......... cn(t). The values of these variables
represent the performance of the plant. The control signals produced by the controller are
applied to the plant. With the help of feedback elements the closed loop control of the
plant is also possible. Due to the feedback, the controller takes into account the actual
output values to decide the control signals.
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Control
signals
ry————— - Plant Cy
r,—————{  Controller - or 14— C;
: (Analog or digital) Systemtobe |:
f——— o - controlled : T Cn
Feedback
elements

Fig. 1.30 Block diagram of muiltivariable control system

In case of multivariable systems, sometimes it is observed that a single input
considerably affects more than one outputs. The system is said to be having strong
interactions or coupling. This coupling is nothing but the disturbances for the separate
systems. The interactions inherently present between inputs and outputs can be cancelled
by designing a decoupling controller. Thus the resulting multivariable system is
considered to have proper number of single input single output systems and the controller
is designed for each system. The another way is to design a controller which will take care
of all the inherent interactions present in the multivariable system.

In multivariable linear control system, each input is independently considered. Only
one input and one output is considered and the total effect on any output because of all
the inputs acting simultaneously is determined by addition of the outputs due to each
input acting alone. Thus law of superposition is used to analyse multivariable linear
control systems.

In many practical control systems, control is achieved by more than one input and the
system may have many outputs. In chemical processes simultaneous control of pressure,
temperature and concentration is required by commanding various inputs. Air crafts and
space crafts are other examples where movement is controlled by various inputs. Power
generators, atomic reactors and jet engines are some of other examples of multivariable
systems.

Consider the block diagram of multivariable autopilot system shown in the Fig. 1.31.

The system shown in the Fig. 1.31 keeps a track of rocket vehicle in response to
reference inputs given to it. The pcsition, velocity and acceleration of the vehicle are fed to
the digital controller using motion scmsors. The controller takes appropriate decision and
sends a controlling signal which will dnive the actuator, which will move the engine. Thus
there are three output variables which are to be observed and controlled and there are
corresponding reference inputs hence the system is multivariable system.
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Control Angutar )
signal position
Reference
nputs
Digital to N _ N
| controller analog Actuator Rocket ~| Vehicle
converter
Position
feedback
Antaolog Velocity )|
d ig ital feedback
converter
Acceleration
feedback

Fig. 1.31 Multivariable autopilot system

Review Questions
1.

2. Explain how the control systems are classified

3. Define linear and nonlinear control systems.

4. What is time variant system? Give suitable example. How it is different than time invariant

. Differentiate between open loop and closed loop systems giving suitable examples.
7. With reference to feedback control system define the following terms

10.

11.
12.

Define the followng terms
(i} System (ii) Control system (iii) Input (iv) Output (v) Disturbance.

system?
Define open loop and closed loop system by giving suitable examples.

i) Command input  (ii) Reference mput (iii) Forward path (iv) Feedback path
Explain the following terms giving suitable example

1) Servomechanism (ii) Regulator

Distinguish between feedback control system and feed forward control system.
Differentiate between :

1. Linear and Nonlinear systems 2. Continuous and Discrete data systems
Explain what is closed loop control system.

Write a note on multivariable control systems.

aaa
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The input variable is generally

referred as the Reference Input  Reference Controlied
:) PLANT
and output is generally referred as input output
the Controlled Output. .
Fig. 1.3

Cause and effect relationship
between input and output for a plant can be shown as in the Fig. 1.3.

1.3 Classification of Control Systems

Broadly control systems can be classified as,

1) Natural Control Systems : The biological systems, systems inside human being are

of natural type.

Example 1 : The perspiration system inside the human being is a good example of
natural control system. This system activates the secretion glands, secreating sweat and
regulates the temperature of human body.

2)

Manmade Control Systems : The various systems, we are using in our day to day
life are designed and manufactured by human beings. Such systems like vehicles,
switches, various controllers etc. are called manmade control systems.

Example 2 : An automobile system with gears, accelerator, braking system is a good
example of manmade control system.

3)

4)

Combinational Control Systems : Combinational control system is one, having
combination of natural and manmade together i.e. driver driving a vehicle. In such
system, for successful operation of the system, it is necessary that natural systems
of driver alongwith systems in vehicles which are manmade must be active.

But for the engineering analysis, control systems can be classified in many different
ways. Some of the classifications are given below.

Time Varying and Time - Invariant Systems : Time varying control systems are
those in which parameters of the systems are varying with time. It is not
dependent on whether input and output are functions of time or not. For
example, space vehicle whose mass decreases with time, as it leaves earth. The
mass is a parameter of space vehicle system. Similarly in case of a rocket,
aerodynamic damping can change with time as the air density changes with the
altitude. As against this if even though the inputs and outputs are functions of
time but the parameters of system are independent of time, which are not
varying with time and are constants, then system is said to be time invariant
system. Different electrical networks consisting of the elements as resistances,
inductances and capacitances are time invariant systems as the values of the
elements of such system are constant and not the functions of time. The complexity
of the control system design increases considerably if the control system is of the
time varying type. This classification is shown in the Fig. 1.4.

» (v ol



Control System Engineering 1-4 Basics of Control System_

TR ITTTT Y

Input Parameters Output Input Parameters Output
—] ofsystemare |—u of system |
f(t) constants and not |  f{t) are functions
functions of time of time
(a) Time invariant system Fia. 1.4 (b) Time variant system
ig. 1.

5) Linear and Nonlinear Systems : A control system is said to be linear if it satisfies
following properties.

a) The principle of superposition is applicable to the system. This means the
response to several inputs can be obtained by considering one input at a time
and then algebraically adding the individual results.

Mathematically principle of superposition is expressed by two properties,
i) Additive property which says that for x and y belonging to the domain of the
function f then we have,

fx +y) = f(x) + fy)

ii) Homogeneous property which says that for any x belonging the domain of the
function f and for any scalar constant o we have,

fox) = o f(x)
b) The differential equation describing the system is linear having its coefficients
as constants.
c) Practically the output i.e. response varies linearly with the input i.e. forcing

function for linear systems.

i

Real time example : A resistive network shown in the Fig. 1.5 (a) is a linear system.
The Fig. 1.5 (b) shows the linear relationship existing between input and output.

R,
MWV

n /D R Linear
2 relationship

e < —pg

) - VIn
Vin = Input, | = Output

(a) Linear system {b) Response of system

Fig. 1.5 Example of linear system
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A control system is said to be nonlinear, if,
a. It does not satisfy the principle of superposition.

b. The equations describing the system are nonlinear in nature.

The function f(x) = x2 is nonlinear because
£ +x2) = (x) +x2)% #(x;)% +(x)*
and fla x) = (@x)*2ax2 where o = constant

The equations of nonlincar system involves such nonlinear functions.
c¢. The output does not vary linearly for nonlinear systems.

The various nonlinearities practically present in the system are shown in the
Fig. 1.6 (a), (b) and ().

Output Output Output

) [ $
= Input /

/ » input » [nput
(a) Saturation (b) Dead zone (c) Exponential or
square faw

Fig. 1.6 Nonlinearities
The saturation means if input increases beyond certain limit, the output remains
constant i.e. it does not remain linear. The flux and current relation i.e. B-H curve shows
saturation in practice. In some big valves, though force increases upto certain value, the
-valve does not operate. So there is no response for certain time which is called dead zone.

The voltage-current equation of a diode is exponential and nonlinear thus diode circuit
is an example of nonlinear system. This is shown in the Fig. 1.7.

R !
i .
Vin /) A\£.) Diode Exponentiat
l 1 S rise
- ° 0 . *Vin
(a) System ) (b) Response

Fig. 1.7 Example of nonlinear system
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It can be seen that as long as Vj, increases upto certain value, current remains almost
zero. This is a dead zone and thereafter voltage-current are exponentially related to each
other which is a nonlinear function.

Key Point : In practice it is difficult to find perfectly linear system. Most of the
physical systems are nonlinear to certain extent.

But if the presence of certain nonlinearity is negligible and not affecting the system
response badly, keeping response within its linear limits then the nonlinearity can be
neglected and for practical purpose the system can be treated to be linear.

Procedures for finding the solutions of nonlinear system problems are complicated and
time consuming. Because of this difficulty most of the nonlinear systems are treated as
linear systems for the limited range of operation with some assumptions and
approximations. The number of linear methods, then can be applied for analysis of such
linear systems.

6) Continuous Time and Discrete Time Control Systems : In a continuous time
control system all system variables are the functions of a continuous time
variable ‘t’. The speed control of a d.c. motor using a tachogenerator feedback is
an example of continuous data system. At any time ‘t’ they are dependent on time.
In discrete time systems one or more system variables are known only at certain
discrete intervals of time. They are not continuously dependent on the time.
Microprocessor or computer based systems use such discrete time signals. The
reasons for using such signals in digital controllers are,

1) Such signals are less sensitive to noise.
2) Time sharing of one equipment with other channels is possible.
3) Advantageous from point of view of size, speed, memory, flexibility etc.

The systems using such digital controllers or sampled signals are called sampled data
systems.

Continuous time system uses the signals as shown in the Fig. 1.8 (a) which are
continuous with time while discrete system uses the signals as shown in the Fig. 1.8 (b).

Signal
Signatl

R

(a) Continuous signal (b) Discrete signal
Fig. 1.8
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7) Deterministic and Stochastic Control Systems : A control system is said to be
deterministic when its response to input as well as behaviour to external
disturbances is predictable and repeatable. If such response is unpredictable,
system is said to be stochastic in nature.

8) Lumped Parameter and Distributed Parameter Control Systems : Control system
that can be described by ordinary differential equations is called lumped
parameter control system. For ecxample, electrical networks with different
parameters as resistance, inductance, etc. are lumped parameter systems. Control
systems that can be described by partial differential equations are called
distributed paramecter control systems. For example, transmission line having its
parameters resistance and inductance totally distributed along it. Hence description
of transmission line characteristics is always by use of partial differental equations.
The lumped parameters are physically separable and can be shown to be located
at a particular point while representing the system. The distributed parameters can
not be physically separated and hence can not be represented at a particular place.

9) Single Input Single Output (SISO) and Multiple Input Multiple Output (MIMO)
Systems : A system having only one input and one output is called single input
single output system. For example, a position control system has only one input
(desired position) and one output (actual output position). Some systems may have
multiple type of inputs and multiple outputs, these are called multiple input
multiple output systems.

10) Open Loop and Closed Loop Systems : This is another important classification.
The features of both these types are discussed in detail in coming sections.

1.4 Open Loop System

Definition : A system in which output is dependent on input but controlling action or
input is totally independent of the output or changes in output of the system, is called an
Open Loop System.

In a broad manner it can be represented as in Fig. 1.9.

Controliec

Reference P < |
rocess > output ot}

input iy "] Controfier

vc

u = Actuating signal

Fig. 1.9 Open loop control system
Reference input [r(t)] is applied to the controller which generates the actuating signal
(u) required to control the process which is to be controlled. Process is giving out the
necessary desired controlled output c(t).



Control System Engineering 1-8 Basics of Control System

1.4.1 Advantages

The advantages of open loop control system are,

1) Such systems are simple in construction.

2) Very much convenient when output is difficult to measure.

3) Such systems are easy from maintenance point of view.

4) Generally these are not troubled with the problems of stability.
5) Such systems are simple to design and hence economical.

1.4.2 Disadvantages
The disadvantages of open loop control system are,

1) Such systems are inaccurate and unreliable because accuracy of such systems are
totally dependent on the accurate precalibration of the controller.

2) Such systems give inaccurate results if there are variations in the external
environment i.e. such systems cannot sense environmental changes.

3) Similarly they cannot sense internal disturbances in the system, after the controller
stage.

4) To maintain the quality and accuracy, recalibration of the controller is necessary
from time to time.

To overcome all the above disadvantages, generally in practice closed loop systems are
used.

The good example of an open loop system is an electric switch. This is open loop
because output is light and switch is controller of lamp. Any change in light has no effect
on the ON-OFF position of the switch, i.e. its controlling action.

Similarly automatic washing machine. Here output is degree of cleanliness of clothes.
But any change in this output will not affect the controlling action or will not decide the
operation time or will not decide the amount of detergent which is to be used. Some other
examples are traffic signal, automatic toaster system etc.

1.4.3 Real Time Applications of an Open Loop System

The various illustrations of an open loop system are discussed below,

1.4.341 Sprir_tkler used to Water a Lawn

The system is adjusted to water a given area by opening the water valve and i
observing the resulting pattern. When the pattern is considered satisfactory, the system is
“calibrated” and no further valve adjustment is made.

1.4.3.2 Stepper Motor Positioning System

The actual position in such system is usually not monitored. The motor controller
commands a certain number of steps by the motor to dnve the output to a previously
determined location.
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1.4.3.3 Automatic Toaster System . ’

In this system, the quality of toast depends upon the time for which the toast is
heated. Depending on the time setting, bread is simply heated in this system. The toast
quality is to be judged by the user and has no effect on the inputs.

Power input
Desired Relay or .| Heating process Actual
. Controller of bread toast
me
Controller Process

Fig. 1.10

1.4.3.4 Traffic Light Controller

A traffic flow control system used on roads is time dependent. The traffic on the road
becomes mobile or stationary depending on the duration and sequence of lamp glow. The
sequence and duration are controlled by relays which are predetermined and not
dependent on the rush on the road.

Power
Desired time
Relays to - . Actual
"} control sequence | Ubights traffic
control

Fig. 1.1

1.4.3.5 Automatic Door Opening and Closing System

In this system, photo sensitive devices are used. When a person interrupts a light,
photo device generates actuating signal which opens the door for specific time. When
person passes through the door, light becomes continuous closing the door. The opening
and closing of the door is the output which has nothing to do with the inputs, hence an
open loop system.

The room heater, fan regulator, automatic coffee server, electric lift, theatre lamp
dimmer, automatic dryer are examples of open loop system.

1.5 Closed Loop System

Definition : A system in which the controlling action or input is somehow dependent on the
output or changes in output is called closed loop system.

To have dependence of input on the output, such system uses the feedback property.

Feedback : Feedback is a property of the system by which it permits the output to be
compared with the reference input to generate the error signal based on which the appropriate
controlling action can be decided.

v ol
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N
2.1 Background

The various methods used to solve the engineering problems are based on the
replacement of functions of time by certain frequency dependent variables. This makes the
computation job very easy. The known example of such method is the use of Fourier series
to solve certain electrical problems.

The transformation technique relating the time functions to frequency dependent
functions of a complex variable is called the Laplace transformation technique. Such
transformation is very useful in solving linear differential equations. The transfer function
of a system, which is heart of the control system analysis is based on the Laplace
transform. This chapter gives the definition of Laplace transform, some commonly used
functions and Laplace transform pairs and useful properties of Laplace and inverse Laplace
transform. Some examples are also included demonstrating the superiority of Laplace
approach over the conventional approach.

2.2 Definition of Laplace Transform

The Laplace transform is defined as below :

Let £(t) be a real function of a real variable t defined for t > 0, then

F(s) = L) = | ().e== dt
0

Where F(s) is called Laplace transform of f(t). And the variable 's' which appears in
F(s) is frequency dependent complex variable. It is given by,

S = O+j®

Where c

Real part of complex variable 's’.

i

Imaginary part of complex variable “s’.

The time function f(t) is obtained back from the Laplace transform by a process called
Inverse Laplace transform and denoted as L'!. Thus,

2-1)
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nmp Example 2.3 : Find the inverse Laplace transform of given F(s).

(s+2)

Fs) = s(s+3)(s+4)

Solution :  The degree of N(s) is less than D(s). Hence F(s) can be expressed as,
Ky Ky K
§ (s+3) (s+4)
+2 | 2
TSI+ 34

F(s) =

Where K, = s.F(s)L=0=

(s+9) (-3+2) 1
K, = (s+3).F(s)L=_3 =(s+3)'—s(s+3)(s+4)s=_, = C3)(3+a) 3

(s+2) ("4"'2) 1
Ky = (SH)‘F(S)I.«;:A = (S+4)'s(s+ Ns+4) _ , ) (-4)(-4+3) 2
Fe) = Y6 13 12

s "(5+3) (s+4)

Taking inverse Laplace transform,

1 1 1
f(t) = t3 et -3 e- 4
2.4.2 Multiple Roots
The given function is of the form,
N(s)

Fe) = a0

Here there is multiple root of the order ‘n’ existing at s = a. The method of writing the
partial fraction expansion for such multiple roots is,

E _ KO Kl Kg l(n-l &
(s) = (s—a)" + (s—a)r-! + (s—a)"-? Tt (s-a) * D'(s)

N'(s)
ere I—)’—ts_) represents remaining terms of the expansion of F(s).

Key Point: Thus a separate coefficient is assumed for each power of repetative root, starting
from its highest power n to 1.

v ol
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Here find the L.C.M. of the entire right hand side and express numerator interms of
Ko .K) ,K3,... The numerator N(s) on left hand side is known. Compare the coefficients of
all powers of s in the numerator of both sides which will give simultaneous equations
interms of K¢,K; ,K,,... Solving these equations we can obtain the coefficients
KoK ,Ka,...

For ease of solving simultaneous equations, we can find out the coefficient K, by the
same method as discussed for simple roots.

Ko = (-2)" .Ks)| __

Similarly coefficients for simple roots present if any, can also be calculated by the
method discussed earlier, for ease of solving simultaneous equations.

While finding Laplace inverse transform of expanded F(s) refer to standard transform
pairs,

1
Ljtr] = s"‘l*.' and
n! n!
—at 4N} = —m——m —— +at nY) e —,.,
Lle 2t tn] = (s+a)n“ and Lfe* t"] = 5—a)r
mp Example 2.4 :  Obtain the inverse Laplace transform of given F(s).
(s-2)
Foh = v
Solution : The given F(s) can be expressed as,
K(s) Ko K, K, K;

B G+ 1° ¥ (s+D* * (s+-l) s
Finding L.C.M. of right hand side,
(s—-2) Ko (s)+K, (s+ D s+ K, s+ D? s+K; s+ *
s+ D® sGs+D?
Sf(s=2)= Kes+K; s +K;s+Kss3+2Kas?2 + Kys +K;s3 +3Kys2 +3 Kys + K,y

Comparing coefficients of various powers of s on both sides,

For s?, K; +K; =0 «..{1)
For s2, Ki+2K;+3K; =0 .. (2)
For s!, Ko +K) +K; +3K; =1 ...(3)
For s°, K; = -2 .. (8)
As Ky = -2

from (1), K, =

<. from (2), K = 2

v ol



. Control System Engineering 2-12 Basics of Laplace Transform

~. from (3), Ko = 3

F(s) = 3 + 2 + 2 —3
©) = G0 TG TG
n!
Now Lie t]=m
L_‘[ l ]_e"‘t“
G+a)"*'] n!
Fs) = 3. l +2. 12+2. ! -2.-1-
Gs+? (s+1 (s+D s

2
f) = L' [Fs)] = ‘%e_‘ 12+ 1 et . t+2et -2

3

Etz e ! +2tet +2e"t-2

£(t)

24.3 Complex Conjugate Roots

If there exists a quadratic term in D(s) of F(s) whose roots are complex conjugates then
the F(s) is expressed with a first order polynomial in s in the numerator as,

As+B N N'(s)
(s2+0s+p) D)

F(s) =

Where (s2 ) is the quadrati .h 1 jugates while S
ere (s2+os+P) is the quadratic whose roots are complex conjugates while D)

represents remaining terms of the expansion. The A and B are partial fraction coefficients.

The method of finding the coefficients in such a case is same as discussed earlier for
the multiple roots. Once A and B are known then use the following method for calculating
inverse Laplace transform.

As+B

Consider Fi(s) = m

A and B are known

Now complete the square in the denominator by calculating last term as,

2
LT = $ET
Where LT = Last term
M.T = Middle term
ET = First term

oAl
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az
LT = 7
F _ As+B _ As+B
I(S) - 2 a_z. EE. o 2 2
s?+as+—7 +p- 3 s+5 | +@
o2
Where o = -7
Now adjust the numerator As + B in such a way that it is of the form,
i o) o (s+a)
Le * sinwt] = (s+a)2+0? or Ll coswt] = 5+ 2)2 +0?

Key Point: Thus inverse Laplace transform of F(s) having complex conjugate roots of D(s),
always contains sine, cosine or damped sine or damped cosine functions.

mmp Example 2.5 :  Find the inverse Laplace transform of

s?+3 |
Ks) = (s2 + 25+ 5)(s+ 2) )
Solution :  The given F(s) can be written as,

As+B C
s2+25+5 s+2

F(s) =

As s?+2s+5 has complex conjugate roots. To find A, B and C find L.C.M. of right
hand side,

(s+ 2)(As+B)+C(s2 425+ 5)

F(s) =

(s2+2s+95)(s+2
s2+43 _ As?2+2 As+Bs+2B+Cs?+2sC+5C
(2+2s+9(G6+2) ~, ., 2425496+

Comparing the coefficients of various powers of s, of the numerators of both sides

s2+3 = s2(A+O)+s(2A+B+20+(2B+5C)
A+C =1 (1)
24 +B+2C = 0 . (2)
2B+5C = 3 ...(3)

To solve the equations quickly, the coefficient C corresponding to the simple, real root
can be obtained as,

(2+3)6+2) | (4+3) _
(s2+2s+5) (s+ 2)L=_2— (4-4+5)

LIRS

C = F).6+2__, =

oAl
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Substituting in (1) and (2),

O
- 75
and B = -2 _
2 5 7
_ 7382 3
Fs) = 32+Zs+5+(s+2)
2
. ~352
Consider F(s) = S 17545

Completing square in the denominator,

2 2
£ _ —38—2 —35—2 _ 2 S+ 5 ]
i) = s+ 2s+1+5-1 (s+l)2+(2)2 TS s+ D2 (D)2
2] s+1+4 ] 4 as 222
= -5l 2 s as 2 X
Slis+ D2 +(2)2 P
= Z - st +2x 2 ]
TG+ D +(2? s+ D +(2)?
s+ !
2 s+ 2 3
F(s) = - g\ ——+2x — i+
<) 5 {(S+ D +(2)? s+ 1)? +(2)~} (s+2
+
As L —-(s—.,g-—— = [e~ cos mt] and
(s+a)” +w?

(s+a)* +@?

L [L} = [e= sin ]

Hence taking inverse Laplace transform of F(s),

2 7
f(t) = -gle~t cos2t+2e-! sin2t]+ge?

2.5 Use of Laplace Transform in Control System

The control systems can be classified as electrical, mechanical, hydraulic, thermal and
so on. All systems can be described by integrodifferential equations of various orders.
While the output of such systems for any input can be obtained by solving such
integrodifferential equations. Mathematically, it is very difficult to solve such equations in

yvonl
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time domain. The Laplace transform of such integrodifferential equations converts them
into simple algebraic equations. All the complicated computations then can be easily
performed in s domain as the equations to be handled are algebraic in nature. Such
transformed equations are known as equations in frequency domain.

Then by eliminating unwanted variable, the required variable in s domain can be
obtained. Then by using technique of Laplace inverse, time domain function for the
required variable can be obtained. Hence making the computations easy by converting the
integrodifferential equations into algebraic is the main essence of the Laplace transform.

nmp Example 2.6 : Obtain the expression for y(t) which is satisfying the differential equation

d? y(t)
ar?

Solution : Taking Laplace transform of both sides of the given differential equation and

N - : d?y(ty  dy®)
neglecting initial condition terms in Laplace transform of ac and — 3~ we get,

dy(t
Zt 4 + 8 y(t) = 16e~*. Neglect initial conditions.

+ 6

16
s2Y(s) + 6sY(s) + 8Y(s) = s+1
16
(s®+6s+8) Y(s) = G+D
y _ 16
©) = G E2r6s+8)
16
Y = i) (+2) 6+9)
ai az a3
Y(s) = s+17 s+2 T s+4
5.33 8 2.66
YO) = 31572t 54

Taking inverse Laplace transform of Y(s),
y(t) = 5.33e-t — 8e 2 4+ 2.66e~

This is the required solution of differential equation.

2.6 Special Case of Inverse Laplace Transform

Let us see now if the order of P(s) and Q(s) of the function F(s) is same. In such case
P(s) must be divided by Q(s), to obtain the seperation of F(s) as a constant term which is
result of the division and the remainder polynomial P'(s) having order less than Q(s).

P(s)

So F(s) = oF) ... order of P(s) and Q(s) same

wy o nl
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T

P'(s)

= K+—(5(—57 .... after dividing P(s) by Q(s)

Now Laplace inverse of constant term is impulse function. Refer last pair in the
Table 2.2

L K} = K&() where 8 (t) = unit impulse.

While P'(s) / Q(s) can now be expressed to obtain partial fraction expansion, to get its
inverse very easily.

Note : The same method is to be applied F(s) with order of numerator polynomial
P(s) is greater than denominator polynomial Q(s) '
nmp Example 2.7 : Find the Laplace inverse of F(s) =
Solution : Divide P(s) by Q(s).

s3+8s2+17s+10) s3+18s2+ 3s + 5(1>K
s3 4 82+17s +10

s3+18s24+ 3545
§34+8s2+17¢+10

10s2 ~1ds - 5 5 P'(s))

10s2 —-14s—5
Fe) = I+ 3 571175410
_ 10s? -145-5 A B C
= MGy 630) 45) = 1*532 %541 545
A = 10s2 -14s-5
S e |, T 21
10s2-14s-5
B = (s+2) (s+5) I =475
(': _ 10s2-145-5
el 26.25
21 475 2625
Fs) = =332 st ¥ 545

fit) = L1 {F(s)) =8(t)-21e- 2 +4.75¢e" +26.25 ¢ 5t
Where L1{1} = 8(t) = Unit impulse function.
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Examples with Solutions

mp Example 2.8 : In the circuit given, the values of R and C are 1MQ and 1 pF respectively.
Obtain the expression for the current flowing in the circuit if it is supplied with an input of
step voltage of 1 V at t = Q.

R
AN~

st f f ) 4
ep o ') = c

1Valt=0 i(

Fig. 2.1

Solution : Let us write down the equation for the circuit given, assuming supply voltage
as v(t).

f MM =
VI) i(D %:C

Fig. 2.1(a)
Applying Kirchhoff’s voltage law we get,

v() = iR + -(1:- [ict) dt

Where voltage across capacitor is éj i(t) dt

.

While v(t) = Step of 1 V at t = 0 as shown in the Fig. 2.1(b).
Taking Laplace transform of both sides of above equation,

V() = Is)R + & [I-(?] °

v(t) 4
1

C Fig. 2.1(b)

Neglecting initial conditions hence neglecting the term of initial condition in Laplace
transform of | i(t) dt.

as v(t)isstepof 1 V ... Refer pair 1 in Table 2.2

| -

Now V(s)

1 1
S = IR+ = Xs)

yvonl
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1 1
- = I(s)[R+-s—C-]
1 _ Ks) [1+sRC]
s sC
_ C _ C
I8) = 15%rc = 9
]
1 1
e = R S+ 1
RC

Taking Laplace inverse, referring Table 2.1
. L
= — e RC
i(t) R ©

Substituting values of R and C,

t
. 1 5 3
iy = e-1x105% 1x 10
® 1x 10+6

i() = 1x106 e-t A

Key Point: It can be observed in this example that solving the equation in time domain for
the current involves calculation of complementary function, then particular integral and
arbitrary constants, independently. In Laplace approach we get the answers of all in a single
step. Hence Laplace approach proves to be superior over a normal approach.

nmp Example 2.9 : A series circuit consisting of resistance R and an inductance of L henry is
connected to a supply of v(t) volts. Find the expression of the current in s domain. Also
calculate the value of current at t = 0.5 msec with R = 1x103 Q, L = 25 mH and supply
is a step voltage of 50 V. Neglect initial condition.

Solution : The circuit is shown in the Fig. 2.2. ’V\F}V\v
Applying KVL we get, f * -
: di(t v
vit) = ()R + L—é(-t-z v() i D §L
Taking Laplace and neglecting initial L
conditions of current we get, Fig. 2.2
V(s) = I(s)R + Lsl(s)

V(s) I(s) [R + sL]

v ol
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V(s)
Is) = ResC
50
Now R =1x103Q L= 25x103H and V(s) = Y
e 50
() = IX103+5x 5x107]
Is) = >0 Taking 25x10-? outsid
) = 355707 sx [s+ 4x 107] e 8NG outside
2000 A B

[(S) = m = -S— + m ... Partial fractions

A =005 and B = -005

0.05 0.05
s s+4x104

I(s) =

Taking inverse Laplace transform,
i(t)
i(t)

At t = 0.5 msec = 0.5x 1073 sec

0.05 - 0.05 e-4x10%t A

0.05 (1-e-410%t) A

i(t) = 0.05 (l—e"‘" 10* x05x10- 3 ) A
i(t) = 0.05 A.
) 20
mmp Example 2.10 : Calculate Laplace inverse of F(s) = 24 25+5)
20
Solution : F(s) = m
Now quadratic s2+2s+ 5 has complex conjugate roots.
Therefore partial fraction expansion of F(s) is,
F _ 20 _a azs+ag
) = GT+2575) =5 T 5742545
20 = a; (s2+2s+5)s+ s(az s+a3)
20 = s2 (ay+az)+s(2a;+a3)+5a,
S5a; = 20 equating constants
2a;+a3 = 0 equating coefficients of s

aj+az = 0 equating coefficients of s2

wy ol
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L1 [F(s)] = LYL(()) = £(t)
The time function £(t) and its Laplace transform F(s) is called transform pair.

mmp Example 2.1 :  Find the Laplace transform of e~ and 1 for t 2 0.

Solution : (i) f(t) = e

F(s) = L{f(t)}

[f(tye=t dt = fe-at.est dt
0 0

0

Lfe-3} = s—_:; and L1 {s_:-;} = e
(ii) f(t) = 1
Fs) = | fye = dt= Ie"f" dt = [e-:] =1
0 0
L{1} = 1; and L“{%}=1

2.3 Properties of Laplace Transform

Number of important properties of the Laplace transform are discussed in tl-us section.
The table of Laplace transform pairs is developed using these properhes
2.3.1 Linearity .

The transform of a finite sum of time functions is the sum of the Laplace transforms of
the individual functions.

So if K(s), BE(s), .cereree , Fa(s) are the Laplace transforms of the time functions fi(t),
£2(t), coveenenres , fa(t) respectively then,

s L{fi(t) + f2(0) + ... + 5, (D)) = R(s) + BE(S) + ... + Fa(s)

. The property can be further extended if the time functions are multiplied by the
constants i.e.

L {ai1fi(t) + a2f2(t) + ...... + anfn(t) } = a1 R(s) + azF(s) + ...... + anEq(s)
Where a1, a2,.ccc0ne0eee , ap are constants.

wy ol
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a+az; = 0 equating coefficients of s2
aj =4 a; =4 az;=-8
4 —4s5-8 4 s+2
F = — oo = — -~ § | ——————
) S s2+2s+5 s [s2+2s+5]

Completeing square in the denominator

4 s+ 2 4 s+2
F&) = 5+ 4[sz+2$+1+ 5_— 1]'3_ 4[(s+1)2+(2)2]

Now the denominator is in the form (s+ a)? + w?. Let us adjust numerator to get the
expression in standard form.

-
1+1
F(s) = 2 4|_St2+1L
© =3 |+ 1)2+(2)2]
_ 4 _ 4 I s+2 + 1
s | s+ 1)2+(2)2  (s+1)2+(2)? | -
. . (s+a) s -
Now first term is in the form ——-————— which is Laplace of e"® cos wt.
(s+ a)? + o

(V)
2

While the second term neceds adjustment of constant to get in the form — M
(s+a)° + o

which is Laplace of e ™ sin wt.

. _ é _ (s+1) l . _______2__
-~ F&) = 5 4[(s+1)2+(2)2 T2 x 1)2"(2)2]

Taking inverse Laplace transform we get.
f(t) = 4-4et cos2t+0.5e sin2t]
f(t) = 4-e~! (4cos 2t+ 2sin 2t)
aag

wy ol
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2.3.2 Scaling Theorem

If K is a constant then the Laplace transform of K f(t) is given as K times the Laplace
transform of £(t).

L {K ft)} = K F(s) ... K is constant

2.3.3 Real Differentiation (Differentiation in Time Domain)
Let F(s) be the Laplace transform of f(t). Then,

L {9—;—}9} = s F(s) - f(0")

Where f (0-) indicates value of f(t) at t = 0~ i.e. just before the instant t = 0.

The theorem can be extended for nth order derivative as,

dn
L{ dtt}t)} =" F(s)-s"~! f{0~)-s""2f(0" )} —...- f©-D (0~)

Where £~ D (0~ ) is the value of (n — 1)¥ derivative of f(t) at t = 0-.

ieforn=2 L {-‘%gg} = s? F(s)-s f{0~)- £(0~)
d3f{) o
for n=3, L reat s3F(s)~-s2f (0 )—sf’ (0~ )- £* (0~ ) and so on.

This property is most useful as it transforms differential time domain equations to
simple algebraic equations, along with the initial conditions, if any.

2.3.4 Real Integration
If F(s) is the Laplace transform of f(t) then,

L{jfmdt} -1

This property can be extended for multiple integrals as,

vl
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2.3.5 Differentiation by s
If F(s) is the Laplace transform of f(t) then the differentiation by s in the complex
frequency domain corresponds to the multiplication by t in the time domain.

~dF(s)
L{tfn} = —5; &

d df1 1 1!
Thus, L{t} = L{ tx 1} = —a‘s‘ [L{l}l = —'(E[;] = 3_2 = 51‘ 1
d df1 2 2!
L{t2} = L{ t)(t} =—--a—s- [L{t}l =—a§[?:|= -s—q = Ty
n!
Lttt = —7
S

2.3.6 Complex Translation
If F(s) is the Laplace transform of f(t) then by the complex translation property,

and

F(s —a) = L{e*f{t)} Fis + a) =L {e-2'f)}

FsTa) = Fs)|

=s¥a

Where F(s) is the Laplace transform of f(t).

2.3.7 Real Translation (Shifting Theorem)

This theorem is useful to obtain the Laplace transform of the shifted or delayed
function of time.

If F(s) is the Laplace transform of f(t) then the Laplace transform of the function
delayed by time T is,

L{ fet-T)} = e TsF(s)

2.3.8 Initial Value Theorem

The Laplace transform is very useful to find the initial value of the time function f(t).
Thus if F(s) is the Laplace transform of f(t) then,

f(0+) = Li10n+ f(t) = Lim s F(s)

5~y

The only restriction is that f(t) must be continuous or at the most, a step discontinuity
att=0.
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2.3.9 Final Value Theorem

Similar to the initial value, the Laplace transform is also useful to find the final value
of the time function f(t). Thus if F(s) is the Laplace transform of f(t) then the final value

theorem states that,

Lim f(t) =

t oo

Lim s F(s)
s-0

The only restriction is that the roots of the denominator polynomial of F(s) i.e. poles of

F(s) have negative or zero real parts.

mp Example 2.2 : Find the Laplace transform of sin of.

Solution :

ejwl _e-i(rl
51 t = ———
sin @ 7]
ei(u( __e—iux
Iystihowty = L{—s+—
{bln(ﬂ} { 2] }
ei"-‘ e"i‘”‘
R
Now Lie®t} = a and Lie2} =
] 1[ 1 1[ 1
tenad - 5] 35
1[ s+jo—s+jo ] 1
T 2l (s—jo)(stje) | T 2
_ W
T s240?
) w
L{ smmt} = 21 0?

The sin ot can be expressed using Euler's equation as,

... using Linearity property

1

s+a
l 1 1
= 2j| s—jo " s+jo
2jm
5% —(jo)?

TN I
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Table of Laplace Transforms :

f(t) F(s) Waveform
1 A
1 - 1
0
Constant K K 4
s Ki
e
0
K f{t), K is constant K F(s)
t 1
& 14,
0
tn nt
sﬂ +1
e-al 1 \
s+a N—
-—0-—-——-——>
et 1 4 g
s-a
5 >
e-at tn n!
(s+ay+!?
sin ot W :
s?+u?
cos wt S
s2+0?
e sin wt w
(s+a)2+w?
¢ cos wt (s+a)
(s+3)R+w?
sinb wt W
§2— 2
cosh wt S
s2-w?

Table 2.1 Standard Laplace transform pair
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Function f(t) Laplace Waveforms
Transform F(s)
Unit step = u(t) i 4
s 11—

0
A u(t A 4
u(t) S Al

e ——

0
Delayed unit step = u(t - T) e's ]
s Li—.
o7
Aut-T) AeTs
S b
Unit ramp = r{t) = t u(t) A
32
| f Slope =1
0

At u(t) A
? M—‘
Siope=A

0
Delayed unitramp = fit-T) = t-T uit-T) et
32
1 /Slope =1
3T g
At-Tut-T AeTs
52
| [t
0 T =
Unit impulse = § (t) 1
4
[ ]
14

L J

wy ol
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Delayed unit impuise = 5(t-T) e’

-, 0 t=T

impulse of strength K ie. K& 1t K

t=0

Table 2.2 Laplace transforms of standard time functions

2.4 Inverse Laplace Transform

As mentioned earlier, inverse Laplace' transform is calculated by partial fraction
method rather than complex integration evaluation. Let F(s) is the Laplace transform of (t)
then the inverse Laplace transform is denoted as,

Ft) = L' [F(s)]

The FE(s), in partial fraction method, is written in the form as,

N (s) Ca
F(S) = '5"(-5—)' - Le v
Where N(s) = Numerator polynomial in s
and D(s) = Denominator polynomial in s

Key Point : The given function F(s) can be expressed in partial fraction form only when
degree of N(s) is less than D(s).

Hence if degree of N(s) is equal or higher than D(s) then mathematically divide N(s)
by D(s) to express F(s) in quotient and remainder form as,
F(s) = Q + F(s)
N'(s)
* D)
Where Q = Quotient obtained by dividing N(s) by D(s)

N'(s)

and F(s) —D-,E-)- = Remainder
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Now in the remainder, degree of N¥s) is less than D'(s) and hence Fi(s) can be
expressed in the partial fraction form. Once F(s) is expanded interms of partial fractions,
inverse Laplace transform can be easily obtained by adjusting the terms and referring to
the table of standard Laplace transform pairs (Table 2.1).

The roots of denominator polynomial D(s) play an important role in expanding the
given F(s) into partial fractions. There are three types of roots of D(s). The method of
finding partial fractions for each type is different. Let us discuss these three cases of roots
of D(s).

24.1 Simple and Real Roots
The roots of D(s) are simple and real. Hence the function F(s) can be expressed as,

N(s) N(s)
D(s) = (s—a)(s—b)(s—c) ...

F(s)

Where a, b, ¢ ... are the simple and real roots of D(s). The degree of N(s) should be
always less than D(s). This can be further expressed as,

N(s) K, K, K;
Fs) = Gma)-D)s—0 . “G-a) *5-b) " 5-0 T

Where K;, K,, K;, ... are called partial fraction coefficients. The values of K;, K,
K; ... can be obtained as,

Ky = (s-a) Ko
K: = (s-b) . Fs)__,
Ky = (s=0).Rs)| __
In general, K, = (S_s")'F(S)L=.,, and so on.
Where sa = n'™ root of D(s)
L{etn} = —

(s:Fa)

is standard Laplace transform pair. Hence once F(s) is expressed in terms of partial
fractions, with coefficients K;, K, ... K,, the inverse Laplace transform can be easily
obtained.

f() = L' [F)] =K, e +K; e? +K; et ...

wy ol



Transfer Function and
Impulse Response

3.1 Background

The mathematical indication of cause and effect relationship existing between input
and output means to decide the transfer function of the given system. It is commonly used
to characterize the input-output relationship of the system.

Transfer function explains mathematical function of the parameters of system,
performing” on the applied input in order to produce the required output. Laplace
transform plays an important role in making mathematical analysis easy. Laplace transform
and its use in control system analysis is thoroughly discussed in Chapter-2. In this chapter
concept of transfer function, transfer function models and impulse response models of the
systems are discussed.

3.2 Concept of Transfer Function

In any system, first the

system  parameters are Selection of
desxgned and their values system parameters
are selected as per the u
requirement. The input is
selected next, to see the Selected
’ - > System parameters Qutput
performance of the input
designed system. This is Fig. 3.1

shown in the Fig. 3.1.
Now performance of the system can be expressed in terms of its output as,
Output = Effect of system parameters on the selected input
Output = Input x Effect of system parameters,

Output
Input

Effect of system parameters =

This effect of system parameters, role of system parameters in the performance of
system can be expressed as ratio of output to input. Mathematically such a function

3-1)

wy ol
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04 04
e =5 -5

Taking Laplace inverse of this equation,

c®t) = 04-04 e ... Output

3.5 Some Important Terminologies Related to the T.F.

As transfer function is a ratio of Laplace of output to Laplace of input and hence can
be expressed as a ratio of polynomials in ‘s’.

0}
TF. = o6
This can be further expressed as,

ags™+a;s™t +a,s™ 2+ +ap
bos®™ + bys®~! +bys™ 2 + ...+ b,

The numerator and denominator can be factorised to get the factorised form of the
transfer function as,

K(s—sa){s—5sp)......(5— 5m)
(s-s1) (s-s2) ...... (53— sn)

TE =

where K is called system gain factor. Now if in the transfer function, values of s” are
substituted as sy ,s52,53 ...... Sn in the denominator then value of T.F. will become infinity.

3.5.1 Poles of a Transfer Function

Definition : The values of ’s’, which make the T.F. infinite after substitution in the
denominator of a T.F. are called ‘Poles’ of that T.F.

So values sy ,82,53 ...... sn are called poles of the T.F.

These poles are nothing but the roots of the equation obtained by equating
denominator of a T.F. to zero.

For example, let the transfer function of a system be,
2(s+ 2)
=
The equation obtained by equating denominator to zero is,
s(s+4) = 0
s=0 and s=-4

If these values are used in the denominator, the value of transfer function becomes
infinity. Hence poles of this transfer function are s = 0 and - 4.

vl
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2s+1)2(s+2)(s2+25+2) =0
i.e. Simple zero at s = -2
Repeated zero at s = -1 (twice)
Complex conjugate zeros at s = -1 £jl.

The zeros are indicated by small circle or zero ‘o’ in the s-plane.

3.5.4 Pole-Zero Plot

Definition : Plot obtained by locating all poles and zeros of a T.F. in s-plane is
called pole-zero plot of a system.

3.5.5 Order of a Transfer Function

Definition : The highest power of ‘s” present in the characteristic equation i.e. in
_ |the denominator polynomial of a closed loop transfer function of a system is called
‘Order’ of a system.

3.5.6 D.C. Gain

The value of the transfer function obtained for s = 0 i.e. zero frequency is called the
d.c. gain of the system.

D.C. Gain = T(s)}s=0

Key Point: It is not possible to indicate the value of d.c. gain on pole-zero plot as it is a
constant value. It is required to be separately specified, alongwith the pole-zero plot.

The d.c. gain decides the resultant constant of the system transfer function.
1
For example, consider example 3.1 discussed earlier. The system T.F. is 7 R¢&

So 1 + sRC = 0 is its characteristic equation and system is first order system.
Then s = - 1/RC is a pole of that system

and T-F- has No Zeros. |mag]nafy
The corresponding pole-zero plot can be t
shown as in the Fig. 3.9. _1
RC
Similarly for example 3.2, the T.F. -— 3¢ +» Real
calculated is,

S e | =

s2LC+sRC+1 , .. R 1
s2+ST+1C .
Fig. 3.9
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- The characteristic equation is,

,. R 1
S“+ST+C = 0

R RY (1 YV
So system is 2nd order and the two poles are, —ﬁi\/ (ﬁ) _(ﬁ)

T.F. has no zeros.

Now if values of R, L and C selected
are such that both poles are real, unequal

"“a‘ff"a’y and negative, the corresponding pole-zero
plot can be shown as in the Fig. 3.10.
. For a system having T.F. as,
- ¥ ¥ + Real
Pole2 Pole1 C(s) (s+2)
RE) ~ ss2+25+2][s2+7s+12]
L
The characteristic equation is,
Fig. 3.10

s(s2+2s+2)(s2+7s+12) = 0 ie s(s2+2s+2) (s+3)(s+4) =0

i.e. System is 5th order and there are 5 poles. Poles are 0, -1%j, -3, —4 while zero is
located at ‘-2'.

The corresponding pole-zero plot can be drawn as shown in the Fig. 3.11.

After getting familiar with introductory remarks about control system, now it is

necessary to see how overall systems are represented and the methods to represent the
given system, based on the transfer function approach.

Imaginary
&
¥---11
i
+ + Real
-4 -3 -2 -1 0
>~~~ -
s - Plane
A 4

Fig. 3.11

wy nl
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3 - Laplace Transform of Electrical Network

In the use of Laplace in electrical systems, it is always easy to redraw the system by
finding Laplace transform of the given network. Electrical network mostly consists of the
parameters R, L and C. The various expressions related to these parameters in time

domain and Laplace domain are given in the table below.

Element

Time domain
expression for voltage

Laplace domain
expression for voitage

Laplace domain
bshaviour

Resistance R iityx R I(s)R R

Inductance L L di(t) \ sLi(s) sl
dt

Capacitance C 1 I.t dt LI 1

¢l sl sC

Table 3.1
From the table it can be seen that after taking Laplace transform of time domain
equations, neglecting the initial conditions, the resistance R behaves as R, the inductance

1
behaves as sL, while the capacitance behaves as = and all time domain functions get
converted to Laplace domain like i(t) to I(s), v(t) to V(s) and so on.

By using these transformations, the parameters can be replaced by their Laplace
transform to get Laplace transform of the entire network. Once this is obtained, simple
algebraic equations relating Laplace of various voltages and currents can be directly
obtained. This eliminates the step of writing the integrodifferential equations and taking
Laplace of them. -

e.g. Consider a network shown below,

R, L

N o———ANN—TTIT ° .

e(t) Rzé ==C &

‘o ° v
Fig. 3.12

The Laplace of the above network can be obtained by following replacements.

Ry 2 R L—- sL

1

Rz - R Co 5C
ei(t) - Ei(s) eo(t) = Eo(s)
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The other variables then can be

introduced which will be directly R, sL
o——AMA—/TITN
Laplace wvariables to obtain the °t
Laplace domain equations directly. —_L
Such Laplace of network is shown in R 1
the Fi E(s) 2 sC Eofs)
e Fig. 3.13. I(s) l
v v
© 24
Fig. 3.13

Examples with Solutions

nmp Example 3.6 : The transfer function of a system is given by,
T(s) = K(s + 6)
¥ T S+ 2)(s+5 (52 + 75 +12)

Determine i) Poles ii) Zeros iii) Characteristic equation and iv) Pole-zero plot in s-plane

Solution :

i) Poles are the roots of the equation obtained by equating denominator to zero i.e.
roots of,

s(s+2)(s+5)(s2+7s+12) =10
iess+2)(s+5)(s+3)(s+4)=0
So there are 5 poles located at s =0, ~ 2, -5, -3 and -4

iiy Zeros are the roots of the equation
obtained by equating numerator to imaginary
zero i.e. roots of K (s + 6) = 0 1

ile.s=-6

There is only one zero.

iif) Characteristic equation is one, whose R VINE VIRV IRV ) Real
roots are the poles of the transfer -6 -5 4 -3 -2 |0

function. So it is,
s(s+2)(s+5)(s2+7s+12) =0
ie s(s2+7s+10)(s2+75s+12) =0 |
i.es®+14s4 +71s3 +15482 +120s =0 Fig. 3.14

iv) Pole-zero plot
This is shown in the Fig. 3.14

vl
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P Example 3.7:  The unit impulse response of a system is given by T(t) = e~ (1- cos 2t)
Determine its transfer function.

Solution : Laplace transform of the impulse response is the transfer function.

T(s) = L {T(t)}
= Liewt(1-cos2t)) =L {e *} - L {e"* cos 2t}
_ 1 (s+] _ 1 (s+])
T s+l (s+1DZ2+(@)2 s+l (s242s+5)
_ 4

) = (s+1)(s2+ 25+ 5)

nmp Example 3.8 : Obtain the transfer function of the lead network shown in the Fig. 3.15.

R,
—~AN

e(t) c §R2 eolt)

-
<

Fig. 3.15

Solution : Take Laplace transform of the network, as shown in the Fig. 3.16.

R,

?
E(s) 1 §R2 Eq(s)
3
Fig. 3.16
The parallel combination of R; and EIE gives impedance of,
R x—l—
z = HZy 'R
VAR VA R1+—1— 1+4sR; C

sC

vuonl
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Once the parameters are replaced by corresponding Laplace domain conversions, all
the parameters R, sL and 1/sC behave as impedances. Hence their series and parallel
combinations can be easily obtained by the algebraic calculations.

Zz
E(s) /5 §R2 Egls)
i(s)
Fig. 3.17
Applying KVL to the circuit,

Ei(s) = ZI(s) + I(s) R . (1)
Eo(s) = I(s) R» - (2)
I B from (2
® = T, om (2

Substituting in (1) we get,

Eo(s)
Ei(s) = Is) [Z+Ral = ¢~ 1Z+ Ry}
Eo(s) _ R;‘_
Ei(s) = Z+Ra»
e R, R (1+sR; )
Substituting Z, T. F. = R, =R +R;(1+sK O
T+sR, Cct Rz
sR; Ro C+ Rz sS+0
R +sRi Ry C+R; ~ s+
h 1 (R; +R»)
where @ =TRCs P R R, C

This circuit is also called lead compensator.

e ol



Control System Engineering 3-18 Transfer Function and Impuise Response

mmp Example 3.9 :  Find the transfer function of the given circuit. (M.U.: Dec.-2003)
Ry
— VWV
b e Ny
C R,
€ €,
C,
Y T v
o 0
Fig. 3.18
Solution : Draw the Laplace domain network of the given system.
1
Ry x —
R, Paraflel 1 175G
AW Series 2= Rillger ="
e IRSITRS * ) ' SG
th.
1 L Rz - R,
E](s) 5C1 1 EO(S) 1 +S RIC]
B ol 1 1+4+sR,C
sC = = 2%2
l T 2 Z> Ro + s sC,
0 . ’ Ei (5)~ Eofs)
Flg. 3.19 I(S) = — 7 oee (1)
1
Ey(s)
Nenmme Z ° Eo(s) = Ks) Za - (2
t ~Eo(s) = E'_(b)z_]_&’@ X Za
E(s) i Z, E(s)
Z Z
©) l = Eofs) [l +Z—?] = -z% Ei(s)
', o b ,
. Zo\S) 2
Fig. 3.20 "G - Zt
1+sR.Co
sCa
R, (1+sR,Ca)
T+sR,C; T sCa
Eofs) _ (1+sR, C)(1+sR; &)

Ei(s)  s2R;R.CiCz + s [RiCy +R2C2 + R Ca)+ 1

vuonl
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map Example 3.10 : Find the transfer function %% of a system having differential equation
given below.
2d— c(t) . 2dc(t)

T = +ct)=rt) + 2r(t - 1)

Solution : Taking Laplace transform of the given equation and assuming all initial
conditions zero we get,

2s2C(s)+2s C(s) + C(s) = R(s)+2e * R(s)
Laplace transform of delayed function is,
L {fit - T} e~ sT F(s) (Refer Table 2.2)
Lirt-1)} = e=s1R(s)

Combining terms of C(s) and R(s) we get,
(252+25+1)C(s) = R(s) (1+2e%)

Cs) _ 1+2es
R(s) = 2s2+2s+1

mmdp Example 3.11 : Find Vy(s) / Vi(s). Assume gain of buffer amplifier as 1.

1 uF 0.5 uF
I | ;
Buffer
v(t) 1 MQ amplifier §1 MQ | V()
Fig. 3.21

" Solution : Taking Laplace transform of the network,

1 1
- % - 8
sx1x10 sx0.5x10
ll
H
(-] [-]
vis)| 1xi0° @ aﬁ,‘;fiﬁ’e, §1x10 Q Vs

Fig. 3.22
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explaining the effect of system parameters on input to produce output is called transfer
function. Due to the own characteristics of the system parameters, the input gets
transferred into output, once applied to the system. This is the concept of transfer function.
The exact definition of the transfer function is given in the next section.

3.3 Transfer Function

3.3.1 Definition

Mathematically it is defined as the ratio of Laplace transform of output (response) of the system
to the Laplace transform of input (excitation or driving function), under the assumption that all
initial conditions are zero.

Symbolically system can be represented as shown in the Fig. 3.2(a). While the transfer
function of system can be shown as in the Fig 3.2(b).

r{t) —»] System }——cft) R(s)—— T(s) p—=—C(s)

Fig. 3.2(a) Fig. 3.2(b)
C(s
Transfer function of this system is R—Es;—’ where C(s) is Laplace of c{t) and R(s) is

Laplace of r(t).
If T(s) is the transfer fuuiction of the system then,

Laplace transform of output ~ C(s)
Laplace transform of input ~ R(s)

T(s) =

ymp Example 3.1 : For a system shown in the Fig. 3.3, calculate its transfer function where
Vo(t) is output and v;(t) is input to the system.

vi(t) > ==c Y

Fig. 3.3
Solution : We can write for this system, equations by applying KVL as,

vi() = R-i(t)+ %j i(t) dt ()

and Vo) -IC—I i(t) dt )

vyl
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Let us divide the network into two parts,
Part 1) :

1

—1
sx1x10
il ?
V(s) /—3 §1X1OGQ Vi(s)
1(s)
3
Fig. 3.23
Applying KVL,
1 61
: = —_ . (1
Vi (s) SXlxm_ﬁ1(s)+1><10 I(s) (1)
Vi () = 1x10° Ks) (2
_ Vils)
i) = 1x106
e o [108 _[10% + 51087 [ Va(s)
Substituting in (1) Vi(s) = [-—s—+10 ]I(s) —[ S 106
Vifs) _ s
Vi(s) = s+1
Part 2) :
6
1 _ 2x10
% = s
11 $x05x10
I
Vals) /_3 §1 x1000 | Vols)
1(s)
Fig. 3.24
6
Va(s) = 1(3)[2":0 +1x105] - (1)
Vo(s) = Ks)1 x106 @

106
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Substituting in (1)
Vols)[2+s
Va(s) = -10_6{ S ]106

Vo(s) s
Vo(s) = s+2

Now gain of buffer amplifier is 1 (unity)
Vi(s) = Va(s)

(s+2)
(-f_—l]vi(s) = =2V

S

VO(S) S2
Viis) = (s+1)(s+2)

...T.E.

mmp  Example 3.12 : Determine the transfer function if the d.c. gain is equal to 10 for the
system whose pole-zero plot is shown below.

Imaginary
oo oo o j
'
'
J
-0 4 el » Real
-3 -2 -1 0
'
!
I ety -]
[
Fig. 3.25

Solution : From pole-zero plot given, the transfer function has 3 poles at s = -1, -24j
and -2-j. And it has one zero at s = -3.

K(s+ 3) K(s+ 3)
+DE+2+)(s+2-)) ~ (s+1)is+2)2-()?]

T(s) =

K(s+ 3)
T (s+1)[s2+4s+5]

Now d.c. gain is value of T(s) at s = 0 which is given as 10.

d.c. gain = T(s)|as-=0

T I
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Kx 3

10 = 1x5

K = 2= 16667
3

16.667
T(s) = 6.667 (s + 3)

(s+ 1) (s? +4s+5)

This is the required transfer function.

mmd Example 3.13 :

If the system transfer function is

Y(s) = s5+4
X(s) ~ s2425+5
Obtain the differential equation representing the system.
. Y(s) s+4
lut H =
Solution s X® T ST+2s43

(s2 +2s+5) Y(s) = (s + 4) X(s)
s2 Y(s) + 25 Y(s) + 5Y(s) = 5X(s) + 4X(s)

Replacing variable s by % and Y(s) by y(t) and X(s) by x(t) we get,

Y0 +2.5 Y045y = S x+4x0
d~y dy _ dx
pres +2—+5 = It + 4x

mmp Example 3.14 :

.. Differential equation

For the two port network shown in the Fig. 3.26, obtain the transfer

functions
., Va(s) .., V1(s)
i) ) and ii) )
, H 1H
+ O—— /00 0 4
1 -LzF
3 AN ] ‘
Vi AWy g Va
13 L2
4
— c el ° ——
Fig. 3.26

Tyl
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Solution : Draw the Laplace transform of the given network as shown by replacing L by
1
sL, C by S and all time variables by the Laplace variables,

LI

[s><1 4 2

Parailel L s+1 Parallel 31 1.1
ry

combination ( combination s

* = 7T — I o+
r ' l l
MAY [ 2s
V1(S) 1 1 g 1 - 1 Vz(S)

L AW vy e
1

_— | ‘L _

Fig. 3.26(a)

RA I

Series
Li(s) s 5
+ - SJHO ’ o+
s+1

14
T 2s

Vy(s) 1 § ; Series  V,{s)

'vxqw 3(+2)
4
— Q -
Fig. 3.26(b)
Paraliel combination
P T —~
1.(s)
oy - P | +
1 1

2s Y3+

V,(s) 1 41 Vy(s)

MM = s(s+2) 1
1

———
Parallel combination

Fig. 3.26(c)
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1x $(s+2)
14(s) (s+1)  s(s+2)
* Aﬁ s(s+2) - s%+3s+1 i
1+ T Y Ly(s)
V1(s) s+1 . VZ(S)
Li(s)
- + o -
Fig. 3.26(d)
- Vi(s) Vi)
his) = s(s+2) s+1  [s2+3s+1] Vis)
s24+3s+1 s2+3s+1 s?2 +3s+1
Vils) _
Li(s)
(s+1) (s+ 1)

Vas) = Li(s)x Vi(s)x

2+3s+1) (sZ+3s+ 1)

Va(s) _  s+1
Vi(s) 82+ 3s+1

P Example 3.15 : What will be the transfer function of a system whose unit step response
is a unit impulse function ? (M.U. : Dec.-2003)
Solution : The output c(t) = &t) = unit impulse function
and the input r(t) = 1 = unit step function

Cls) _ LI&®)

TF = %@ = Tm

1-s
l_
S

Review Questions

1) Define the transfer function of a system.

2) Explain the significance of a transfer function stating its advantages and features.

3) What are the limitations of transfer function approach?

4) How transfer function is related to unit impulse response of a system?

5) Define and explain the following terms related to the transfer function of a system.
(i) Poles (ii) Zeros (iii) Characteristic equation (iv) Pole-zero piot (v) Order.

6) The unit impulse response of a system is e7!. Find its transfer function. Ans. : 1
s+ 7

Tyl
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7) A certain system is described by a differential equation

d? yit) 0
dr? dt

+ Ily(f) = 5x(t)

where y(t) is the output and the x(t) is the input. Obtain the transfer function of the system.
Y(s) 5

Ans.: X(s) ~ s+ 3s+ 11
8) A certain system has its transfer function as
Cls) _ 2s+1
Ris) “s2+s+1 -~
Obtain its differential equation. _dZc(t) | dcld) _ 5 dr)
Ans.: 52t a t ct)=2 it r(t)

9) If a system equation is given as
de(t)

37*‘ ZC“):"“—T)

Where cft) is output and r(t) is input shifted by T seconds. Obtain its transfer function.
e sT

Ars.: 3s+ 2

10) A system when excited by unit step type of input gives following response
c(t) =1- et + 4¢3

Obtain its transfer function C(s)/R(s) . 35?4+ 25+ 3

Ans.: s+ D (s+ 3)

11) Derive the transfer function of the system shown in Fig. 3.27. The amplifier gain is K.

R, R,

4 © AWV VWA °,
Amplifier

e(t) C, == gg{n C,=— ell)

K

v, ° +

Fig. 3.27
Ans. : B8 _ K

“"Eis) T 1+ sRG)(+ sRyCy)

12) The transfer function of a system is given by
10(s + 8)
s(s+ 4) (s? + 6s+ 25)
Obtain its (i) Poles (ii) Zeros (iii) Order.
Sketch its pole-zero plot. Ans, : Poles at 0, -4, -3 + j4, Zero at -8, Order 4

T(s) =
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13) Obtain the transfer function of the network shown in the Fig. 3.28. 9

eq(t)

R; Ry G Czsz + Ri(G + C)s+ 1

Ry
AWV
TT_ C, C,
}1 i
1] I
e(t)
R,
3
Fig. 3.28
Ans.: Efs) _

) E;(s) - Ri1 R:G Czsz + (R;Ca + RoG + RGo)s+ 1

14) Obtain the transfer function of the network shown in the Fig. 3.29.

I

R, G4
e(t) o
R C,
e4(t)
R
Fig. 3.29
E(s) _ K1+ Tys)
Ans.: EE - G+ 59 where
X2
R] + Rz
RiR:G + RiR:C;
h=RG, and Tz = R+ K,
Qaaa

Ty nl
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V,
We are interested in V% where V,(s) is Laplace of v,(t) and V;(s) is Laplace of v;(t)
R
and initial conditions are to be neglected.
So taking Laplace of above two equations and assuming initial conditions zero we can

write,

Vi(s) = Rl(s)+sl—cl(s) - (3)
Vols) = () - (@)
I{s) = sCV,(s)

Substituting in equation (3),

1

Vi(s) sCV,(s) [R + —S—C]

Vi(s) = sCR Vu(s) +Vu(s) = Vo(s)[1 + sCR]

Vols) 1
V; (S) “1+sCR

We can represent above system as in the Fig. 3.4, which is called transfer function
model of the system.

1
1+sRC

V(s) —— —— V(s)

Fig. 3.4

mp Example 3.2 :  Find out the T.F. of the given network.

R L
T 1
e(t) ) =cC eq(t)
1 it) J
Fig. 3.5
Solution : Applying we get the equations as,
. di 1.
e; () = iR+ Ld—:«r-c-[ idt . (1)
Input = ¢;(t) ; Output=e, (1)

Tyl
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Laplace transform of I F(t)dt =
f(t)

d
and Laplace transform of —dt—st(s)

Take Laplace transform,

E(s)

& esese

Ei(s) = I(s)[R+ sL+£C]
) 1
Eils) [Rd- sL+ -S—IC]
1
Now o) = ¢ idt
1
Eo(s) = ¢ (s)

I(s) = sCEq(s)

Substituting value of I(s) in equation (2),

neglecting initial conditions

... neglecting initial conditions

.. (2)

3

- (4)

sCE(s) 1
E; =
(<) [R +sL+ glc-]
Eo(s) 1 _ 1
Ei(s) ~ 1] RsC+s?2LC+1

SC{R+ sL+ 5Cl

So we can represent the system as in the Fig. 3.6.

E,(S) ——ae

1

s“LC + SRC + 1

> E4(s)

Fig. 3.6 Transfer function model
3.3.2 Advantages and Features of Transfer Function

The various features of the transfer function are,

i) It gives mathematical models of all system components and hence of the overall
system. Individual analysis of various components is also possible by the transfer

function approach.

ii) As it uses a Laplace approach, it converts time domain equations to simple

algebraic equations.

v ol
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iii)

iv)

vi)

It suggests operational method of expressing equations which relate output to
input.
The transfer function is expressed only as a function of the complex variable

‘s’. It is not a function of the real variable, time or any other variable that is
used as the independent variable.

It is the property and characteristics of the system itself. Its value is dependent
on the parameters of the system and independent of the values of inputs. In
the example 3.1, if the output i.c. focus of interest is selected as voltage across
resistance R rather than the voltage across capacitor C, the transfer function
will be different. So transfer function is to be obtained for a pair of input and
output and then it remains constant for any selection of input as long as
output variable is same. It helps in calculating the output for any type of input
applied to the system.

Once transfer function is known, output response for any type of reference
input can be calculated. -

vii) It helps in determining the important information about the system i.e. poles,

viii)

ix)

x)

zeros, characteristic equation etc.
It helps in the stability analysis of the system.

The system differential equation can be 'easily obtained by replacing variable s’
by d/dt.

Finding inverse, the r-equired variable can be easily expressed in the time
domain. This is much more easy than to analyse the entire system in the time
domain.

3.3.3 Disadvantages
The few limitations of the transfer function approach are,

i)

i)

i)

Only applicable to linear time invariant systems.

It does not provide any information concerning the physical structure of the
system. From transfer function, physical nature of the system whether it is
electrical, mechanical, thermal or hydraulic, cannot be judged.

Effects arising due to initial conditions are totally neglected. Hence initial
conditions loose their importance.

3.3.4 Procedure to Determine the Transfer Function of a Control System
The procedure used in Ex. 3.1 and Ex. 3.2 can be generalised as below :

1)

Write down the time domain equations for the system by introducing different
variables in the system.

wy ol
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2) Take the Laplace transform of the system equations assuming all initial conditions
to be zero.

3) Identify system input and output variables.

4) Eliminating introduced variables, get the resultant equation in terms of input and
output variables.

5) Take the ratio of Laplace transform of output variable to Laplace transform of
input variable to get the transfer function model of the system.

wmp Example 3.3 : Find out the T.F. of the given network.

ér‘
=0
]

eft) ) §R eyt
i)

o -
., Fig. 3.7
Solution : Applying KVL we can write,
dl(t)
&) = L+ & j i(t) dt + i(OR (D
while eo(t) = (R . (2)
where ei(t) = input and

eo(t) = output
Taking Laplace of equations (1) and (2), neglecting the initial conditions.
1 Ks)

Ei(s) = sLI(s) + & 5 + Ri(s) - (3)
Eo(s) = Is)R .. (4)
Ei(s) = Ks) [sL+ —+ R] from (3)
Substituting Ks) = 0( ) from (4) in the above equation we get,
Eo(s) [ 1

E;i(s) = TR Ls +3C +RJ

vl
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Eo(s s2LC+1+sCR
T

Eo(s) SRC
Ei(s) ~ s2 LC+sRC+1

This is the required transfer function.

Key Point: The network in Ex. 3.2 and Ex. 3.3 is same but as focus of interest i.e. oufput is
changed, the transfer function is changed. For a fixed output, transfer function is constant and
independent of any type of input applied to the system. If the output variable is changed, the
T.F. also changes accordingly.

3.4 Impulse Response and Transfer Function

The impuylse function is defined as,
flty = A fort =0
\ =0 fort+ 0

A unit impulse\ function §8(t) can be
considered a narrow pulse (of any shape)
occuring at zero time such that area under the
pulse is unity and the time for which the pulse
occurs tends to zero. In the limit t — 0, the
pulse reduces to a unit impulse d(t). Consider a
narrow rectangular pulse of width A and height T1 A
V4 units, so that the area under the pulse = 1, as

shown in the Fig. 3.8(a). e A - t—>
Now if we go on reducing width A and Fig. 3.8 (a)

maintain the area as unity then the height };

will go on increasing. Ultimately when A — 0, .

M. > = and it results the pulse of infinite

magnitude. It may then be called an impulse of

magnitude unity and it is denoted by &t). It is

not possible to draw an impulse function on

paper, hence it is represented by a vertical

arrow at t = 0 as shown in the Fig. 3.8(b). 0 t—

] o . _ Symbol of §(t)

So mathematically unit impulse is defined Fig. 3.8 (b)

as,

S)=1, t=0

=0, t20
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If in the above example the area under
the narrow pulse is maintained at K units
while the period of pulse is reduced, it is
called to be an impulse of magnitude ‘K’ and
is denoted by K &), as shown in the

0 gt Fig.3.8(c).
Symbol of K5(t) An important property of impulse
function is that if it is multiplied by any
Fig. 3.8 (c) function and integrated then the result is the
value of the function at t = 0.

+oo t ot
Thus jf(t)s(t) dt = jf(t)&(t)dt: j £(t) 5 (1) dt = £(t)]¢ o
— o o

This is called ‘sampling’ property of impulse. Hence if we define Laplace transform of
5(t) as,

L3O = [ 8()e=dt .. by definition
0

= e |0 ... by sampling property.
= e"o = 1
L{d(t) = 1

Thus Laplace transform of impulse function 3(t) = 1

Now T(s) = %
C(s) = R(s)-T(s)

So response C(s) can be determined for any input once T(s) is determined.

Key Point: The equation [C(s) = R(s) - T(s)] is applicable only in Laplace domain and cannut
be used in time domain. The equation [c(t) = r(t) - #(t)] is not at all valid in time domain.

Now consider that input be unit impulse i.e.
r(t) = &(t) = unit impulse input
R(s) = L{3t)=1

Substituting in above,
C(s) = 1:-T(s) = T(s)

Now ct) = L1 {C(s)} = L {T(s)) = T(t)
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Thus we can say that for impulse input, impulse response C(s) equals the transfer
function T(s). So impulse response is c(t) = T(t) as C(s) = T(s) hence we can conclude that,

Key Point: Laplace transform of impulse response of a linear time invariant system is its
transfer function with all the initial conditions assumed to be zero.

P Example 34 : The unit impulse response of a certain system is found
to be e~*. Determine its transfer function.

Solution : Laplace of unit impulse response is the transfer function.

L{e‘ 4 } = T(s)

1
s+4

T(s) =

imp Example 3.5 : The Laplace inverse of the transfer function in time domain of a certain
system is e~ while its input is r(t) = 2. Determine its output c(t).

Solution : Let T(s) be the transfer function.

L1[T(s)] = T(t) = e ... given
) = 2
But c(t) # r(t) x T(L),
It is mentioned earlier that %3 = T(t) is not at all valid in time domain, so
cft) # 2t
Hence the equation valid according to the definition of transfer function must be used,
T6) = oo
¥ = Re)
_ 1
50 T(s) = LT®} =L{e™} = =5
2
R(s) = 3 wasr(t) =2
1. e
s+5 ( _2_)
s
C(s) = 2 = al + _3_2—

wy nl



Mathematical Modeling of Systems

4.1 What is Mathematical Model ?

To study and examine a control system, it is necessary to have some type of
equivalent representation of the system. Such a representation can be obtained from the
mathematical equations, governing the behaviour of the system. Most of such mathematical
equations are differential equations whether the system may be electrical, mechanical,
thermal, hydraulic etc.

Key Point : The set of mathematical equations, describing the dynamic characteristics of a
system is called mathematical model of the system.

Obtaining the mathematical model is the first step in analysing a given system. In the
mathematical model, the various operations in the system are represented by the
mathematical equations.

Most of the control systems contain mechanical or electrical or both types of elements
and components. To analyse such systems, it is necessary to convert such systems into
mathematical models based on transfer function approach. From mathematical angle of
view, models of mechanical and electrical components are exactly analogous to each other.
Not only this, but we can show that for given mechanical system there is always an
analogous electrical network exists and vice versa. The mathematical equations describing
both the systems are exactly same in nature.

As we are well familiar with the behaviour of electrical networks and methods of
writing equations for it, it will be better if we can draw equivalent electrical networks for
given mechanical systems. This will help us in writing system equations in simplified
manner and with more detailed understanding,.

This chapter explains the concept of analogous networks, method of writing
differential equations for various physical systems and derives the transfer functions of
various commonly used control systems.

(4-1)

wy nl
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Torque equation of side 1 is,
1= TH0, 5 200, g - )
Torque equation of side 2 is,
T, = g £, 5, 3920 g -2
L= ;2T
Substituting in equation (2)
II:IIf T =] d:?; +B; dg: + T
T s Rl R G RT -
Substituting value of T, in equation (1)
T =T iﬂ; +B dc?tl LT ddt(z2 ﬁ: B2 dc?tz + g; T
Substituting 6., = —;};—9;
RET A R URE SRR
2 T = [] +(N‘) ]2] d;tgl+[81+(%) Bz] S m
Jie = Equivalent inertia referred to primary side
b = h+(N) I
and Bie = Equivalent friction referred to primary side
Bie = By + (g-;-)z B2
T =Jie d;tel + Bue dc?tl (g;)n

vuonl
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Similarly the equation can be written referred to load side also, where applied torque
gets transferred to load as (_Ii—__;_ T).

Ny
Nz d292 d62
(‘N—]‘)T = Joe PTE + Bzc—dt— + T
where J;, = ] +(~N—2)21 and B.. =B +(—I\—J—2-)ZB
22 = RHE, 1 22 = P2 R, 1

4.6.2. Belt or Chain Drives

Belt and chain drives perform same function as that of gear train. Assuming that there
is no slippage between belt and pulleys we can write,

T28;
T 9)
( r —_— ry
Fig. 4.16
L _n_6 for such drive
'1'2 | ) 9]
4.6.3 Levers
The lever system is shown in the
Fig. 4.17. This transmits translational LS
motion and forces, similar to gear X2
trains. _j_( - )-—l—
By law of moment, ! : " h =Jl: X
fy f
fih = Kb
By work done f; x; = f2 x» Fig. 4.17
Hence | i _ b _x
f2 L X1

4.7 Electrical Systems

Similar to the mechanical systems, very commonly used systems are of electrical type.

The behaviour of such systems is governed by Ohm's law. The dominant elements of an
elactrical system are,

vuonl
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i) Resistor  ii) Inductor iii) Capacitor

|
i) Resistor : Consider a resistance carrying ® ! +‘WV’\R/WV\, - °
current ‘T as shown, then the voltage drop - \Y >
across it can be written as,
— Iy
V = IR o AW, 2]
+ R -
Suppose it carries a current (I; ~I,) then . v >
for the polarity of the voltage drop shown its
eq‘lation isl Flg. 4.18
V = (I, ~I2)R
il) Inductor : Consider an inductor
carrying curfent T as shfawn, then the voltage o ’6'0'0%60'6‘ ! °
drop across it can be written as,
< \VJ >
dl .
V=1 a or Fig. 4.19
1
_If it carries a current (1; ~1,) then for the polarity shown its voltage equation is ,
_ oy 9l -1y)
V =1L —ar
] —
by ——
(h-I) = &} Vdt 2
or L! ° 2 o o
iii) Capacitor : Consider a capacitor L -
carrying current ‘T’ as shown, then the voltage v
drop across it can be written as, Fig. 4.20
1
= = C
V= fla . i L
= dv + v »
or I=Cx
If it-carria a current (I; —1I,) then for the Fig. 4.1
polarity shown its voltage equation is,
1
V = EI (1, =15) dt -—l-!,
C 24—
_ ~dV o I °
or i -1) = C—dT ] + i A

vl
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4.8 Analogous Systems

In between electrical and mechanical systems there exists a fixed analogy and their
exists a similarity between- their equilibrium equations. Due to this, it is possible to draw
an electrical system which will behave exactly similar to the given mechanical system, this
is called electrical analogous of given mechanical system and vice versa. It is always
advantageous to obtain electrical analogous of the given mechanical system as we are well
familiar with the methods of analysing electrical network than mechanical systems.

There are two methods of obtaining electrical analogous networks, namely
1) Force - Voltage Analogy i.e. Direct Analogy.
2) Force - Current Analogy i.e. Inverse Analogy.

4.8.1 Mechanical System

Consider simple mechanical system as
shown in the Fig. 4.23.

Due to the applied force, mass M will
displace by an amount x(t) in the direction
of the force f(t) as shown in the Fig. 4.23.

According to Newton's law of motion,
applied force will cause displacement x(t)
Fig. 4.23 in spring, acceleration to mass M against
frictional force having constant B

f(t) = Ma + Bv + K x(t)

Where, a = Acceleration, v = Velocity
d? x(t) d x(t)
f(t) = SFTE + B a + K x(t)

Taking Laplace, | F(s) = Ms?2 X(s)+ Bs X(s) + KX(s)

This is equilibrium equation for the given system.

Now we will try to derive analogous electrical network.

4.8.2 Force Voltage Analogy (Loop Analysis)

‘\A‘}W ’UUI:O'O" In this method, to the force in mechanical
system, voltage is assumed to be analogous one.
vy - ) C3F  Accordingly we will try to derive other analogous
terms. Consider electric network as shown in the

Fig. 4.24.

Fig. 4.24
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The equation according to Kirchhoff's law can be written as,

v(it) = i R+L f’-(i) z = ivat
Taking Laplace,
V(s) = I(s)R + Ls I(s) + 1(2

But we cannot compare F(s) and V(s) unless we bring them into same form.

For this we will use current as rate of flow of charge.

d
i) = o3
ie. Is) = sQs) or Q@) = I(s)

Replacing in above equation,

V(s) = Ls?Q) +Rs Q) + ¢ Qls)

Comparing equations for F(s) and V(s) it is clear that,
i) Inductance "L'is analogous to mass M
ii) Resistance 'R’ is analogous to friction B.

iii) Reciprocal of capacitor i.e. 1/C is analogous to spring of constant K.

Translational Rotational Electrical

Force Torque T Voltage V

Mass M inertia J Inductance L

Friction constant B Tortional friction Resistance R
' constant B

Spring constant K N/m Tortional spring constant | Reciprocal of

K Nm/rad capacitor 1/C
Displacement 'x' 0 Charge q
v = 9X = 90 Current | = 39
Velocity x = & > =

Table 4.2 Tabular form of force-voltage analogy
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4.8.3 Force Current Analogy (Node Analysis)
In this method, current is treated as

\

analogous quantity to force in the mechanical
system. So force shown is replaced by a current L Ir Ic
source in the system shown in the Fig. 4.25. i L R c—

The equation according to Kirchhoff's
current law for above system is,

I = I +Ig +1
LTIRTIC Fig. 4.25

Let node voltage be V,
v _dV
I= Ljvm+._+cdt

Taking Laplace,
V(s) V(q)
Ks) = ~L " &
But to get this equation in the similar form as that of F(s) we will use,

v(t) = %tg where ¢ = flux

+sCV(s)

Vv
S0) e 0E) =

V(s)

Substituting in equation for I(s)

I(s) = Cs? 0(s)+ ¢ S8(s)+ 1 0(6)

Comparing equations for F(s) and I(s) it is clear that,

i} Capacitor "C' is analogous to mass M.

ii) Reciprocal of resistance = is analogous to frictional constant B.

R
iif) Reciprocal of inductance —11: is analogous to spring constant K.
Translational Rotational Electrical
F Force T Current |
M Mass J o]
B friction B 1R
K Spring K imn
x displacement i) ¢
= 9 do Voltage ‘e’ = 3¢
x Veloci = g0 6 @ w g at

Table 4.3 Tabular form of force-current analogy

Tyl
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Key Point : The elements which are in series in F - V analogy, get connected in parallel in
F - I analogous network and which are in parallel in F - V analogy, get connected in series in
F — I analogous network.

4.9 Steps to Solve Problems on Analogous Systems

Step 1:

Step 2 :

Step 3 :

Step 4 :

Step 5:

Step 6 :

Step 7 :

Identify all the displacements due to the applied force. The elements spring and
fricion between two moving surfaces cause change in displacement.

Draw the equivalent mechanical system based on node basis. Th:e elements under
same displacement will get connected in parallel under that node. Each
displacement is represented by separate node. Element causing change in
displacement (cither friction or spring) is always between the two nodes.

Write the equilibrium equations. At each node algebraic sum of all the forces
acting at the node is zero.

In F-V analogy, use following replacements and rewrite equations,

F-V, M-I B—-R K-1/C, x-gq ;c-)i(current)

Simulate the equations using loop method. Number of displacements equal to

number of loop currents.
In F-1 analogy, use following replacements and rewrite equations,

F5l MoC Bo1/R, K—o1/L, x—>6, x=ele.m.f)

Simulate the equations using node basis. Number of displacements equal to
number of node voltages. Infact the system will be exactly same as equivalent

mechanical system obtained in step 2 with appropriate replacements.

mmd Example 4.1 :  Draw the equivalent mechanical system of the given system. Hence write
the set of equilibrium equations for it and cbtain electrical analogous circuits using,

i) F-V Analogy and i) F-I Analogy

L

B, 4

Xa(1)

-

1(t)

v ol
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Solution :  The displacement of M; is x;(t) B,

X
and as B; is between M; and fixed support X 2
hence it is also under the influence of x;(t). l/\ .
While B; changes the displacement from x; (t)

to x2(t) as it is between two moving points. CF> My Eﬂ M2 %K
And M; and K are under the displacement 8,
x2(t) as K is between mass and fixed support.

Equivalent system

ZF =0
At node 1, F =M s2 X; +By sX; +B; S(X| —Xz) “ee (1)
At node 2, 0 = Mys2Xy+KXz+B, s(X2-X;) - (2)

Now (i) F - V Analogy M—-L B—-R K-»1/C x-gqg

V(s) = Lis?qi +Rysq+Ras(qi-q2) . (3)
0 = La quz +(1/O q2 + R2 s(q2 — q1) .. (4)
Replacing !-(-sl = Q(s) i.e. I(s) = s Q(s)
V(s) = Ljyslis) + Ry Ii(s) + Ry [li(s)-12(s)] = Loop 1
1
0 = Lyslss) + < I2(s) + Ry [I-_»(s)-Il(s)] — Loop2
Hence,
Ly Ry Ly
T —AMA o6 Number of loop currents equal to number
of displacements.
10' R, 12/) —-=C
(1/K)
Loop 1 Loop 2

(i) F - 1 Analogy
F-1 M-5C B-51/R K- 1/L xX— ¢

) = G s2¢1+§1;s¢1+-1§—2s(¢.—¢2) o (D)
0 = L s(0s—01)+Cps2dy+ V)
= g 5020 25°92+7° 02

V(s)

Replacing s ¢ (s)
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Vi(s) 1
Ry * Rz

[Vi(s) - Va(8)] ..Node 1

I(s) Ci s Vi(s) +

o
}

= 'R];z'[VZ(S) = Vi(s) ]+ C2 s Va(s) + ;1,: Va(s) .Node 2

Hence,
v, R1By) v,

AWM
R . Number of node voltages equal to number
@ C,‘l" l—l Tcz LK) of displacements.

(1/8,)

P Example 4.2 : Draw the equivalent mechanical system and analogous systems based on
F-V and F-1 methods for the given system.

f(t)

| e

x4(t) K,

X X
K - T z
M, |
{ M
x(t) CF> M, . K,
B,
Bz i K2
Equivalent system
77777

Solution : Two displacements : No element under x;(t) alone as force is directly
applied to a spring Kj. So it will store energy and hence is the cause to change the force
applied to M;. Hence displacement of M; is x; and as B; and K; are connected to fixed
supports both are under x,(t) only as shown in the equivalent system.

At node 1, F = K (X1 -X2) .. (1)
At node 2, 0 = KN{X2-X1)+M; §2 X2+ Ko X2 + By s X» . (2)

M3, B2, K; are under same displacement.

vyl
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@) F-Vanalogy: M—> L B-R K-1/C

V = 'é—(QI -q2) .. (3) Loop (1)
1
1 . 1
0= C—I(Q2-q1)+Lzs qz+—(§qz+stq2 ... (4) Loop (2)
L,
4D

V@ Ci== (1K)
1 T I Ry Same displacement same current.

d
Equations in terms of I; andl; can be written by using i(t) = Ti% ie. I(s) == s Q(s) as

explained earlier.

(i) F-1analogy:M —» C, B— 1/R, Ko 1/L
.. (1) Node (1)

I(s) = -I-}(qn ~¢2)

0 = (0 =0)+Cas2bar gstas 2 - (2) Node (1)

Equations in terms of Vj(s) and Va(s) can be obtained by using the relation,

v(t) = %-? ie. V(s)=s¢(s) as explained earlier.

Vv Ly (1K) V.
o - —©®

Same displacement-same voltage.

e ol
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4.2 Analysis of Mechanical Systems

In mechanical systems, motion can be of different types i.e. Translational, Rotational or
combination of both. The equations governing such motion in mechanical systems are
often directly or indirectly governed by Newton's laws of motion

4.2.1 Translational Motion

Consider a mechanical system in which motion is taking place along a straight line.
Such systems are of translational type. These systems are characterised by displacement,
linear velocity and linear acceleration.

Key Point : According to Newton's law of motion, sum of forces applied on rigid body or
system must be equal to sum of forces consumed to produce displocement, velocity and
acceleration in various elements of the system.

The following elements are dominantly involved in the analysis of translational
motion systems.

i) Mass  ii) Spring iii) Friction

4.2.2 Mass (M)
This is the property of the system itself

) | (1) Displacement  which stores the kinetic energy of the

ﬁ translational motion. Mass has no power to

4 store the potential energy. It is measured in

ﬁ M |t Force kilograms (kg). The displacement of mass

f‘??é:?a n—z% ; s ! always takes place in the direction of the
applied force results in inertial force. This force

is always proportional to the acceleration

Fig. 4.1 produced in mass (M) by the applied force.

Consider a mass "M’ as shown in the Fig. 4.1 having zero friction with surface, shown
by rollers.

The applied force f(t) produces displacement x(t) in the direction of the applied force
f(t). Force required for the same is proportional to acceleration.

d2x(t)

f(t) = M X acceleration = M =

Taking Laplace and neglecting initial conditions we can write,

f(s) = Ms2 X(s)

Also mass cannot store potential energy so there cannot be consumption of force in the
mass e.g. if two masses are directly connected to each other as shown in the Fig. 4.2 and if
force f(t) is applied to mass M; then mass M will also displace by same amount as M;.

/_

Yool
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410 Servomotors

The servosystem is one in which the output is some mechanical variable like position,
velocity or acceleration. Such systems are generally automatic control systems which work
on the error signals. The error signals are amplified to drive the motors used in such
systems. These motors used in servosystems are called servomotors. These motors are
usually coupled to the output shaft i.e. load through gear train for power matching.

These motors are used to convert electrical signal applied, into the angular velocity or
movement of shaft.

4.10.1 Requirements of Good Servomotor

The servomotors which are designed for use in feedback control systems must have
following requirements :

i) Linear relationship between electrical control signal and the rotor speed over a
wide range.

ii) Inertia of rotor should be as low as possible. A servomotor must stop running
without any time delay, if control signal to it is removed. For low inertia, it is
designed with large length to diameter ratio, for rotors. Compared to its frame
size, the rotor of a servomotor has very small diameter.

iii) Its response should be as fast as possible. For quickly changing error signals, it
must react with good response. This is achieved by keeping torque to weight ratio

high.
iv) It should be easily reversible.
v) It should have linear torque - speed characteristics.

vi) Its operation should be stable without any oscillations or overshoots.

411 Types of Servomotors

The servomotors are basically classified depending upon the nature of the electric
supply to be used for its operation.

The types of servomotors are as shown in the following chart :

Servomotors

A.C.Servomotors D.C.Servomotors  Special Servomotors

¥
v v

Armature controlled Fisld controlled




Control System Engineering 4-21 Mathematical Modeling of Systems

4.12 D.C. Servomotor

Basically d.c. servomotor is more or less same as normal d.cmotor. There are some
minor differences between the two. All d.c. servomotors are essentially separately excited
type. This ensures linear torque-speed characteristics.

The control of d.c. servomotor can be from field side or from armature side.
Depending upon this, these are classified as field controlled d.c. servomotor and armature
controlled d.c. servomotor.

4.12.1 Field Controlled D.C. Servomotor

In this motor, the controlled signal obtained from the servoamplifier is applied to the
field winding. With the help of constant current source, the armature current is maintained
constant. The arrangement is shown in the Fig. 4.26.

I Ry R, L, I, (Constant)

vg (t) from
servoamplifier Constant
current
0 source

Fig. 4.26 Field controlled d.c. servomotor

This type of motor has large L; /R ratio where L; is reactance and Ky is resistance
of field winding. Due to this the time constant of the motor is high. This means it can not
give rapid response to the quick changing control signals hence this is uncommon in
practice.

4.12.1.1 Features of Field Controlled D.C. Servomotor
It has following features :
i) Preferred for small rated motors.
ii) It has large time constant.

iii) It is open loop system. This means any change in output has no effect on the
input.

iv) Control circuit is simple to design.

4.12.2 Armature Controlled D.C. Servomotor

In this type of motor, the input voltage “V,” is applied to the armature with a
resistance of R, and inductance L,. The field winding is supplied with constant current
I¢. Thus armature input voltage controls the motor shaft output. The arrangement is shown
in the Fig. 4.27. -
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I R; R L, I
(Constant)
L v, (t) from
Constant /~ f servoamplifier
current
source ¢

Fig. 4.27 Armature controlled d.c. servomotor

The constant field can be supplied with the help of parmanent magnets. In such case
no field coils are necessary.

4.12.2.1 Features of Armature Controlied D.C. Servomotor
It has following features :

i) Suitable for large rated motors.

ii) It has small time constant hence its response is fast to the control signal.

iil) It is closed loop system.

iv) The back em.f. provides internal damping which makes motor operation more
stable.

v) The efficiency and overall performance is better than field controlled motor.

As the armature controlled d.c. servomotor is closed loop system, in comparison with
open loop field controlled system, generally armature controlled motors are used.

4.12.3 Characteristics of D.C. Servomotors

The characteristics of d.c. servomotors are mainly similar to the torque-spced
characteristics of a.c. servomotor. The characteristics are shown in the Fig. 4.28.

T ’ V, = Armature voitage
orque
(N?n) Eaa>Ea3>Epp> By
Eaq
Ee3

Eo—

Va = Ea1—.'\
0 Speed (r.p.m.)

Fig. 4.28 Torque-speed characteristics for an armature controlled d.c. servomotor

vyl
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4.12.4 Applications of D.C. Servomotor

These are widely used in air craft control systems, electromechanical actuators, process
controllers, robotics, machine tools etc.

4.13 Transfer Function of Field Controlied D.C. Motor

R
+ VWA +
RE
¢
e,lt) |
- Iy = Inertia
B, = Friction

Fig. 4.29

Assumptions :
(1) Constant armature current is fed into the motor.

(2) ¢¢ o<I¢. Flux produced is proportional to field current.

¢ = Kelg

(3) Torque is proportional to product of flux and armature current.

T o 01,

Tm = K’(PI;, = K’ Kf If Ia

Tm = Km K’ lf eee (1)

Where K, = K'I, = Constant
Apply Kirchhoff's law to field circuit.

di
L¢ _dti+ Rely = e - (2
\
Now shaft torque Ty, is used for driving load against the inertia and frictional torque.
2
T = o 9om g, DOm - @)

—_— —_
dt2 ™ dt

) d20., . . d?
Inertia force = Jm d—tzm— similar to m a—t-;
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Frictional force

B

m™odt

Om

. . dx
similar to B 9t

Finding Laplace Transforms of equations (1), (2) and (3) we get,

Tin(s)
E¢(s)
Tm(s)

Km Kf I;(S)

(sL¢ +R¢) 1¢(s)

Jmsze m(S) + Bms 0 n(s)

Eliminate I(s) from equations {4) and (5)
Km K¢ E¢(s)

Tin(s)

(sL¢

+ Rf)

Eliminate T,.(s) from equations (6) and (7),
Km Kf Ef(s)

(2 Jm +5Bm)Om(s) =

Input
Output

~ Transfer function

(sL¢

E¢(s)

+ Rf)

Rotational displacement 0 ,(s)

Om(s)

E¢(s)

E¢(s) (Jms? +sBm) (R¢ +5sLy)
_ Kn K¢
Where Ty = -IB—'"— = Motor time constant
m
T = 'I'Iii = Field time constant
f
TE. = em(s) = K( . l(m .
) EQ(S) Rf[l + S‘tf] Bm(l + S'tm)

Block diagram for field controlled d.c. motor is as shown in Fig. 4.30.

E,(s) ——]

Ky

Ifs)

Km

wmfs)

Ri(1+st)

B, (1 +s1,)

Fig. 4.30 Block diagram

—— 6,,(s)

. (@)
.. (5)
. (6)

(D
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4.14 Transfer Function of Armature Controlied D.C_. Motor

Assumptions :
(i) Flux is directly proportional to current through field winding,

om = K;lI; = Constant

(ii) Torque produced is proportional to product of flux and armature current.

T = Knol,
T = K’n\ K‘ If la

(iii) Back e.m.f. is directly proportional to shaft velocity we, as flux ¢ is constant.
de(t)

as WO = T

Eb = Kp 0m(s) = Kp s0m,(s)

Rf _ Ra La
'VVV\, [ W + _m\+ +
—ae ————n
[ [
Constant L g Ey e,(t)
: T 9me B o O
Fig. 4.31

Apply Kirchhoff's law to armature circuit :
di,
e, = Ep +la (Ra)"'La —d'r'

Take Laplace transform,
Ea(s) = Eu(s)+1a(s}[Rs +sL,]
E.(s) - En(s)

L) = | 351,
L) - E2®~Kos0mn(s)
2\ = R, +sL,
Now Tm = Kn Ke I I,
o E, — Kp 58m(s)
Im = K‘“K"‘{ R, +sL,

v ol
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Also T = {Jm 52 +5Bn}0(s) ... from equation (3)
Equating equations of T,
KmKilf Ea(s) = Km Kl Kp s8m(s)

+(m s?+s Bin) O m(s)

(R +sL;) (R, +sL,)
. K’m K( If _ K’m K( l( Kb S 2
> ——(Ra TsL,) E.(s) = [ R +sL.) 4+ Jms® + 8By | Om(s)
Km
Om (s) _ sRy, B (1+stm)(1+s1;,) _ G(s)
E, (s) ~ 14 K sKp ~ 1+ G(s)H(s)
SR; Bpy(l+stn)(1+s1,)
La
where T, = J1n /B,y and Ta =g
Knm = KnkK
— Km
Gls) = sRy B (I+stm)(1+s1,)
H(s) = sK

Therefore can be represented in its block diagram form as in Fig. 4.32.

Km - 1
Ea(s) SBm (1 + th) o Ra (1 + Sta) om(s)

- sK, .

Fig. 4.32 Block diagram

Key Point : Field controlled d.c. motor is open loop while armature controlled is closed loop
system. Hence armature controlled d.c. motors are preferred over field controlled type.

4.15 A.C. Servomotor

Most of the servomotors used in low power servomechanisms are a.c. servomotors.
The a.c. servomotor is basically two phase induction motor. The output power of a.c.
servomotor varies from fraction of watt to few hundred watts. The operating frequency is
50 Hz to 400 Hz.
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4.15.1 Construction

It is mainly divided into rwo parts

A_C.Supply namely stator and rotor.

Control Reference : indi
winding wmding The stator carries two  windings,

Control Rotor uniformly distributed and displaced by 90°, in

voitage space. One winding is called main winding

from . T T .

servo or fixed winding or reference winding. This

amplifier is excited by a constant voltage a.c. supply.

The other winding is called control winding.

Fig. 4.33 Stator of A.C. servomotor It is excited by variable control voltage, which

is obtained from a servoamplifier. This

voltage is 90° out of phase with respect to the voltage applied to the reference winding.

This is necessary to obtain rotating magnetic field. The schematic stator is shown in the
Fig 4.33.

4.15.2 Rotor

The rotor is generally of two types. The one is usual squirrel cage rotor. This has small
diameter and large length. Aluminium conductors are used to keep weight small. lts
resistance is very high to keep torque-speed characteristics as linear as possible. Air gap is
kept very small which reduces magnetising current. This cage type of rotor is shown with
skewed bars in the Fig. 4.34 (a). The other type of rotor is drag cup type. There are two
air gaps in such construction. Such a construction reduces inertia considerably and hence

/Stator

Aluminium bars Drag

;7 L o 2]

W= s,

Shaft Drving V2Z22272722277777
shaft
(a) Squirrel cage rotor (b) Drag cup type rotor
Fig. 4.34

such type of rotor is used in very low power applications. The aluminium is used for the
cup construction. The construction is shown in the Fig. 4.34 (b).

4.15.3 Torque-speed Characteristics

The torque-speed characteristics of a two phase induction motor, mainly depends on
the ratio of reactance to resistance. For small X to R ratio i.e. high resistance low reactance
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4 Large _)é T 4 Control voltage
orque E..>E,,>E,>E
Torque (Nm) 24 23 22 21
' x Eza
Small B £
23
Egp—
E21 ——\
— Spee>d 0 Speed (r.p.m.)
Fig. 4.35 Fig. 4.36

motor, the characteristics is much more linear while it is nonlinear for large X to R ratio as
shown in the Fig. 4.35.

In practice, design of the motor is so as to get almost linear torque-speed
characteristics. The Fig. 4.36 shows the torque-speed characteristics for various control
voltages. The torque varies almost linearly with speed. All the characteristics are equally
spaced for equal increments of control voltage. It is generally operated with low speeds.

4.15.4 Features of A. C. Servomotor
The a.c. servomotor has féllowing features :

i) Light in weight. ii) Robust construction. iii) Reliable and stable operation.
iv) Smooth and noise free operation. v) Large torque to weight ratio. vi) Large R to X
ratio i.e. small X to R ratio. vii) No brushes or slip rings hence maintenance frec. viii)
Simple driving circuits.

4.15.5 Applications

Due to the above features it is widely used in instrument servomechanisms, remote
positioning devices, process control systems, self balancing recorders, computers, tracking
and guidance systems, robotics, machine tools etc.

4.15.6 Transfer Function of A.C. Servomotor

The various approximations to derive transfer function are,

(i) A servomotor rarely operates at high speeds. Hence for a given value of control
voltage, T e N characteristics are perfectly linear.

(i) In order that T « N characteristics are directly proportional to voltage applied to
its control phase, we assume T o N characteristics are straight lines and equally
spaced. ‘

Torque at any speed "N’ is,
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de
Tm = Kim Ez‘ + mT;n— e (1)

where, d—gT‘“- is speed of motor.

If load consists inerti.a Jm and friction B,, we can write, _

To(s) = Jms20m+BnsOn e (2)
Now Laplace transform of equation (1) is

Tols) = Kum E2 (s)+ m s0 n(s) - (3)
Equating equations (2) and (3)
oKy B2 (8) 4 M 800 (5) = Jm 52 O,m(S) + By 50.m(s)

em(S) _ Km _ Ktm
E2(s)  s(sJm-m+Bm) SJm
S{Bm —m) [1+-——-—-—(Bm_m)]

Ez(s)  s(I+Tms)
— Ktm
where Kn = B -m
and Tm = J Tm
m
529m s6,, Key Point : As slope is negative, in the
Eyo I T e 8, above equation [Bn —m] shows that total
t’“ friction increases due to m. As it adds more
" (m-B,) friction, the damping improves, improving
J stability of ‘the motor. This is called Internal
m - -
Fig. 4.37 Signal flow graph of a.c. Electric Damping of 2 ph A.C. servomotor.
servomotor
Kty 1 1
E2(S) .d Jm s S — em(s)
- Y
B,—-m
J

Fig. 4.38 Block diagram of a.c. servomotor
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Due to mass, there cannot be any change in force from one mass to other hence no

change in displacement.

> x(t)

> x(t)

Rigid
connection

—— f(t)

(No friction and no efastic action)

Fig. 4.2

Key Point : The displacement of rigidly connected masses is always same.

4.2.3 Linear Spring

In actual mechanical system there may be an actual spring or indication of spring
action because of elastic cable or a belt. Now spring has a property to store the potential
energy. The force required to cause the displacement is proportional to the net
displacement in the spring. All springs are basically nonlinear in nature but for small

> x(t)

» f(t)

Fig. 4.3

2 .
K
| ws—]

—> X4(1)

— f(t)

M, M,

VLl LA LL L

Fig. 4.4

deformations their behaviours can be
approximated as linear one. Hence
assuming linear spring constant "K' for the
spring, we can write equation for the
spring in the system.

Consider a spring having negligible
mass and connected to a rigid support. Its

spring constant be ‘K' as shown in the
Fig. 4.3.

Force  required to 'cause
displacement x(f) in the spring is
proportional to displacement.

f(t) = K x(t)

Now consider the spring connected
between the two moving elements having
masses M; and M; as shown in the Fig. 4.4
where force is applied to mass M;.
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Signal flow graph for A.C. servomotor is as shown in the Fig. 4.37. Hence block
diagram of A.C. servomotor is as shown in Fig. 4.38

4.16 Comparison of Servomotors

4.16.1 Comparison between A.C. and D.C. Servomotor

Sr. A.C. Servomotor D.C. Servomotor
No.
1) Low power output of about Deliver high power output
2 W io 100 W.
2) Efficiency is less about 5 to 20 %. High efficiency.
3) Due to absence of commutator Frequent maintenance required due to
maintenance is less. commutator.
4) Stability problems are less. More problems of stability.
5) No radio frequency noise Brushes produce radio frequency noise.
6) Relatively stable and smooth operation. Noisy operation.
7) A.C. amplifiers used have no drift. Amplifiers used have a drift.

4.16.2 Comparison between Armature Controlled and

Field Controlied D.C. Servomotors .
Sr. Field Controlled Armature Controlled
No.
1) Due to low power requirement amplifiers High power ampilifiers are required to
are simple to design. design.
2) Control voltage is applied to the field. Control voltage is applied to the armature
3) Time constant is large. Tune constant is small.
4) This is open loop system. This is closed loop system.
5) Armature current is kept constant. Field current is kept constant.
€) | Poor efficiency. Better efficiency.
7 Suitable for smail rated motors Suitable for large rated motors.
8) Costly as field coils are must Permanent magnet can be used instead
of field coils which makes the motor less
expensive.

4.17 Models of Commonly used Electromechanical Systems

In this article the transfer functions of very commonly used systems are derived. This
will help the reader to find out the transfer functions of the different practical systems.

v vl
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4.17.1 Generators

R,
Consider a separately excited generator

which is many times used in various practical

mechanical systems. Generators are required to

drive the motors because vacuum diodes,

transistor amplifiers are not suitable because of

# |
'-1% ]ag

4
their low ratings. Consider a generator as shown

in the figure. Fig. 4.39 Generator

Ot O 30

Ry = Field resistance

L = Field inductance
e; = Applied voltage (input)
e; = Generated voltage (output)

Now for a generator,
eg =< ¢ where ¢ = flux
Flux is directly proportional to current passing through the field winding say i;.
eg o< g
Let K, be the generator constant in V/A
e = Ky i .. (1)
Applying Kirchhoff’s Law to field circuit.

. di
e = l.f Ry + L; Flt'— .- (2)

Taking Laplace of both the equations (1) and (2)
Eg (s) = K; Ids)

E¢(s) = Ry Ig(s) + Le(s) Ies) neglecting 11(0)
_ Eis)

e = jest,
_ Ka Eqs)

Be® = Rrvsiy

Eg(s) K,

E¢(s) Rjy+sL;

This is the T.F. of separately excited generator.
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4.17.2 Generator briving Motor
It is very common to find generator driving motor in practical mechanical systems. So -
let us discuss the T.F. of a system with generator driving motor.

+

Field of
motor constant

R, R, L, -

L ag

Fig. 4.40 Generator driving motor

R and Ly - Resistance and inductance of generator field
e; - Generated voltage
K; - Generator constant in V/A
R, and L, - Resi§tance and inductance of motor armature
J - ML of Load and f is frictional force

Now.T. F. of generator is,

EG) _ K
E¢(s) - R¢ +sL;

Now consider armature controlled motor,

Torque produced by motor is dependent on i, and let Kt be torque constant.

T = Kria
This torque is utilised to drive a load.
d2e dé

Now E; is voltage applied to armature.

E; = i,R, + 1L, c:“ + ep
where e, is back e.m.f.
de
€p o oc —

dt
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Let K, be the back e.m.f. constant

e = K, 2
b= dt
, d0 de
Kri, = I-a—t—z' + f -d—t.
Taking Laplace transform
Kt I.(s) = Js?28(s)+fsO(s) - (3)
: di, do
Eg = laRa +La -Ft—+l<b _(i?
Taking Laplace transform
Eg(s) = L.(s) R, + L, s I,(s)+ Kp s 0(s) . (4)

finding 1,(s) from equation (3)
(Js2+fs) 0(s)

1.(s) = K;
Substituting in equation (4)
E,(s) = i““)l-gs’—*ﬂ(ka #sLy) + Kp s0(s)
Egls) = O(s)s[(fﬂs)(::: tola), K,,]
Eg(s) - s Ko 0 (5) = s(R, + sLaK)T(sJ+ 6 (s)
0(s) _ KTt

Eg(s)~sKn®(s) ~ s(R, +sL,)(s]+f)

1 1

Eqls) sl e Prowerad me bepy "'I > 6(s)

Fig. 4.41

L ag
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Therefore using both the transfer functions of generator and armature controlled motor
we can develop the combined block diagram as below :

-

Eg(s)
Ky ” 1 1 6
Eds) Re+ sy TSR+ [ fsi+t ] > 8(s)
SKb <
Fig. 4.42
Reducing the block diagram, solving feedback loop of motor which is
Kr
_ s(Ra+sLa)(s+f) Kt
- 1 sKy Kt T s(Ra +sL)(Js+ H+sKp Kt
TSR +sL)(0s+ D
- Kt
0(s) _ Kr Kq

Ee(s) ~ (Re+sL){s[(R, +sL,)(s+H+KpKrl}

4.17.3 Position Control System

Another very common system used in practice is position control system. This is used
to control position of shaft, by use of potentiometer as error detector. The error is to be
amplified by amplifier and then must be given to armature controlled motor whose shaft
position will get controlled as per the controlled signal. The motor shaft is coupled to the
load through gearing arrangement with ratio N; /Na.

Load has M.I J and friction as f while 8, is the reference position while 8, is the
actual position of shaft.
The circuit diagram can be drawn as below :

R, L

N,
Amp
k

Gear

[—@

e = error N,
I if l
const. %’\Ga

.(

—
=

Fig. 4.43 Position control system
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Let K, be the potentiometer sensitivity, in V/rad

The corresponding block diagram can be drawn as shown in the Fig. 4.44.

e
Ky 1 Ny

0ds) Kp K SRy+sl)| |si+f N, 05(s)
6,(5) -

sKy,

Fig. 4.44
Reducing the block diagram as shown in the Fig. 4.45.

Ky N,

K » — >
B(s) Kp s[(Ra +sL,) (sJ + ) + KK;] Ny wfe)

4

Fig. 4.45
KKp Kt (N1 /N>)

G = TR L) (s+ N K Ky ]

K Kp Kr (Ni/N3) = K, = System gain constant

H(s) = 1
~. Over all T. F. can be calculated as below,
K,
0.(5)  s[(Ra+sLa)(s+ )+ Ky Ky]
8.(s) 1+ Ks
s{(Ry +sL,y)(s+ )+ Ky, Kr ]
ea'(s) _ K

0,(5) sl(Ra+sLy)(s+H+K, Ky ]+Ks

4.17.4 Position Control with Flield Controlled Motor

In the above case if instead of armature controlled motor, field controlled motor is
used then derive the T.F. of overall closed loop system.

Consider field controlled motor,

dif

ef =if Rf +Lf.—aT

Now T o ¢ i, and i, is constant

T°‘=¢°<if
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Ry
+ T
Load of
If J.f
i: = constant

Fig. 4.46
. Let K; be constant in N-m/A
T = Kf if

This torque is utilised to drive a load of moment of inertia J and friction f.

d% _ . de
T=I@*ta

. d2e doe
Kf i = ]-d—a'f‘f—d-?

Finding Laplace of all the equations,
E¢(s) = I¢(s) Re+s Ly Ig(s)

and K I(s) = Js20(s)+sf0(s)
I(s) = sB(s)I<[fJ+f]

Substituting in E¢(s)

s0(s) [s]+ f] [Rg +sL¢]

E¢(s) = K

ORI
Eis) = s[sJ+fl[Ry+sL¢]

Now using the same block diagram as derived in case (iii) replacing armature

controlled motor T. F. by the field controlled we can get the new block diagram.

= N
- 6;(8) K KP g s(sJ+ %) (R‘ + st) N—2 > ea(S)

Fig. 4.47

nl
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Let K. = KK, K (%:_)
G(s) = K” _ H(s) =1
= SGTr DR Ty =
: K |
Ba(s) _ G(s) _ s(s]+H(Rf+sLp
0.(s) = 1+ G(s)H(s) K,

1+

s(s)+f)(l;; +sLy)

0a(s) _ Ks
0,(s)  s@J+PH(R+sLi)+ K

4.17.5 Speed Control System

In some of the practical applications it is necessafy to drive a load at a desired speed
o rad/sec. For this application an electromechanical system can be used which is shown as
below. ' '

Constant

Load

QL

Tachometer

‘Fig. 4.48 Speed control system

System uses armature controlled motor and tachometer feedback. Let Ka be the
amplifier gain. Let us derive the transfer function of this system. The objective of system is
to move the load at a desired speed.

The d.c. tachometer output voltage is proportional to output speed «.

er is reference voltage and e, is tachometer voltage.

error e = e — €
e, = Kyxe=K, (e, —e ) - (5)
e = K, @ whereK; is constant. ... (6)

Neglecting inductance of armature

€, = i Ry +eyp

vyl
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ep Kp ©
ea = la Ra+Kp@ substituting from equation (5),
Ka (er—ey) = 13 R, +_‘K{:, w substituting from equation (6),
Kie.-K, Kio = i, R +Ky 0
Taking Laplace
Ki Er(s) = (Ka Ke +Kp) 0s)+i.(s) R, - (7)

Now torque produced by motor

T o i,
T = Ky i, .. (8)
Now this drives a load
] do d6
Kr i, =] Ef+fm where w=— .. (9)

. Taking Laplace

Kt ia(s) = Jso(s)+ f wfs)
is) = I f: f, f o) .. 10)
T

Substituting in equation (7)

K, Es) = (Ki Kt +Kp ) oo(s) + L5+ 19O o

Ky a
Er(S) = (Ka Kt ';'(:<b ) (D(S) + U S +Kfa] (;)((:) Rd

~Ey(s) - (K. + %) wfs)= U—E% o(s)

E.(s) = {K. + K Us"'ﬂRa} @(s)

K, K, K1

O)(S) _ Ka KT
EGE K KT K + KpKr + [Js+{]R,

This is the required transfer function of the speed control system.
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4.17.6 Speed Control using Generator Driving Motor

A position control system described in Fig. 449 in which the armature of motor is
applied with a control voltage through a gencerator. The field current of generator controls
the voltage generated by the generator.

R

R,
1 —AD[ Vo
+ 1 —1 Load
v L 3Fm
R Do

N Constant
speed

Ky

Fig. 4.49 Speed control system
Let us determine the transfer function of the system
Input is e; (t).

d(e
Now et) = () - Ky —% .. (11)

Taking Laplace transform
Ec(s) = Ei(s)- Kp s8(s)
di¢

Now Ec(®)-K2 = Ly l+R i - (12)

applying Kirchhoff's law to the field circuit of generator.
Now e, = K, iy where K, is constant.
Taking Laplace transform
Ea(s) = Ka () .. (13)
Taking Laplace transform of (12)

E®) Kz = L ()[R +5L,]
Eliminating I (s)
Ec(s) K2 _
®+siy - O
_ Ka Ec(s) K2
B0 = Reesy
Ea (S) Ka KZ

Ec(s) - (R! + SLI)
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Now mass M; will get displaced by

x(t) ——i (xq = %) i—» X4{t) x; (t) but mass M2 will get displaced by

——— T ———e xa(t) as spring of constant K will store

some potential energy and will be the

cause for change in displacement.

Consider free body diagram of spring as
shown in the Fig. 4.5.

K

Fig. 4.5 Spring between two moving points
causes change in displacement

Net displacement in the spring is x;(t) — x2(t) and opposing force by the spring is
proportional to the net displacement i.e. x;(t) — xa(t).

Fspn'ng; = K[X](t) = XZ(t)]
Taking Laplace, Forng = K[Xi(5) - Xa(s)]

Key Point : The spring between the moving points causes a change in displacement from one
point to another.

Spring behaves exactly same in rotational systems, only the linear spring constant
becomes torsional spring constant but denoted as "K' only.

4.2.4 Friction

Whenever there is a motion, there exists a friction. Friction may be between moving
element and fixed support or between two moving surfaces. Friction is also nonlinear in
nature. It can be divided into three types,

i) Viscous friction i) Static friction iit) Coulomb friction

Viscous friction as dominant out of the

threc is generally considered, neglecting other

Dash-pot/ two types. Viscous friction is assumed to be

«— Damper linear, with frictional constant ‘B'. This has

* . linear relationship with relative velocity
between two moving surfaces.

The friction is generally shown by a
Fig. 4.6 dash-pot or a damper as shown in the Fig. 4.6.

This is the symbolic representation of a
— X(t) friction.

Consider a mass M as shown in the Fig. 4.7
having friction with a support with a constant "B’
represented by a dash-pot.

B Friction will oppose the motion of mass M
and opposing force is proportional to velocity of

mass M.
Fig. 4.7

wy nl
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Now consider field constant armature controlled motor. Armature is encrgized by
output of the generator.

Applying Kirchhoff's law to armature circuit,
Ea(s) = En(s)+La(s)[Ra +sL.]

Back e.m.f. is proportional to 6

Eo(s) = K SO
Taking Laplace Transform
Enls) = Kb 50m (s)
Ea(s)

In armature controlled d.c. motor as field current is constant so torque produced is
directly proportional to the armature current. ' :

Kb sOm (s) +15(s) [Ra +5La]

H

T = KI,(s) where K is motor constant.

.This torque is utilized to drive the load with moment of inertia J and friction Fn.

T =] d(;?,_,m + Frn d'gt"‘ Taking Laplace transform from
KI,(s) = Js20m(s)+sFn0n(s)
Lis) = gUs+Fn)Bum ) ,

Substituting in equatién fgr E.(s)

Ea(s) = Ko 50m(s)+ g s+ Fn) Om (5)(Ra +5 L)

O m(s) _ K
E.(s) sKKp +s(R, +sLy)(s+ Fn)
_ Km ' .
= ST S ... Neglecting L, of armature
Kn = K = Motor constant
m = K&+ R, Bal
Ra .
Tm = KK ':Ra o] = Time constant o/f/ motor '

Neglecting ‘L.’ of armature motor.

. 0 m(s) _ - Km
" E.(s) - s{(1+Tns)
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E) KoK
Ec(s) =~ [Rf+sLg]

_ Ky Ky Ec(s) _Om(s)s(1+ T s)

8O = ®esty - K
and Es) = Ey(s)-KpsOnm
. K K2 [Ey (8) - Kp 561 (5)] - Om(s)s(1+Tns)
) [Rf +5 Lf] Km
KaKsz _ ( . KoKaKgKmS
mE](ﬁ) = Gm(s) _b(l'f'Tm b)+ (Rf—l—st) ]
K‘, Kz Km -RfS(l+Tn| S)(l"‘Tf S)+ Kb K“ Kz KmS
— E P m
TrsT] 06 = 0@ A+ T
6 m(s) _ Ki K2 Ky
Ei(s)  s[K.oK; Kz K + R, (14 Ty 8) (1 + T )]
Bm(s) _ Kz Ki K
Ei(s) = s[K; Ko Ko Ky +(1+ Tin s) (1 + Ty 8)]
where K; = —R—‘:— generator constant.

4.17.7 A Typical Position Control System used in Industry

A position control feedback system has a potentiometer bridge with a sensitivity of
K, V/radian as error detector. It feeds a d.c. amplifier with an open circuit gain K. This
Supplies to a field of generator which has resistance Ry and inductance L;. Generator
constant is K;V/A. This is connected to an armature controlled d.c. motor with motor
torque constant Kt and back e.m.f constant K, V/rad/sec. It drives a load of inertia ] and
friction f.

Draw the simplified block diagram and hence calculate its transfer function.

3
f
Constant

i
F

o M ) .1

Fig. 4.50 Typical position control system
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0: = Reference paosition , 8, = Actual position

Eg(s) . K

T. F of generator Es) - Ry +siy

Block diagram can be drawn from the analysis of the different cases discussed.

0.(s KK 9 K — 0.(s
As) “ Ry + sby T sR, sd+f als)

st

Fig. 4.51

Neglecting the inductance of armature winding of motor.

KK Kg Ky .
8l P R, + sL; s [R, (sJ+ 1) + KKyl 1 " %ls)
Fig. 4.52
K, K K, Kr o
G(S) - S(Rf +SLf) [Ra US+D+K]_, K‘r] P{(b) =1
Let Kr = K, K K,,’ Kt
Kr
. SE+sL)IR, (és+f)+Kb K
R
N TR G795 K, KT (& 750))
0.(s) Kg

0.9  s(R;+sLf)IR, Js+ D+ Kp Krl+Kg

4.18 D.C. Motor Position Control System

In industry to conrol the position of the shaft, a d.c. motor position control system is
commonly used.

v ol
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4.18.1 Transfer Function of D.C. Motor Position Control System

Consider the D.C. position control system which is controlling position of the shaft.
Assume that the input and output of the system are the input shaft position and output
shaft position respectively.

Assume following system constants,
r = Angular displacement of the reference input shaft
¢ = Angular displacement of the output shaft
6 = Angular displacement of the d.c. motor shaft used
Ki = Gain of potentiometric error detector
K, = Amplifier gain

e, = Applied armature voltage

ep = Back em.f.
R; = Armature winding resistance
L; = Armature winding inductance
ia = Armature winding current
Ky = Back em.f. constant
K = Motor torque constant
Jm = Moment of inertia of motor.
b,s = Viscous friction coefficient of motor

Jv = Moment of inertia of load
by = Viscous friction coefficient of load

n = Gear ratio N;/N>

R, L, N
1 FAWW— TR0 !
o M e e
' o ? L:) ° L b i
— ) | =

iy constant

Fig. 4.53 D.C. Motor position control system
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Equations describing above system can be written as follows :

Output shaft position is to be controlled so as to keep that at required position. Output
is sensed by angular displacement ‘c’ and compared with input which is r. Error is
amplified by amplifier with gain ‘K, and given as input to the d.c. motor which in turn
~ controls the angular position of the shaft of the motor 9" which in turn controls output
position of shaft ‘c’ so as to modify the error.

For potentiometric error detector we can write.
E(s) = Ki[R(s)-C(s)]
For amplifier
Ea(s) = K, E(s)
For armature controlled d.c. motor

iy = constant so flux ¢ is constant

T = Ki, where K = motor torque constant
e, =< O

do
€p = Kb dt

For armature circuit

+1,; R,

di,
e, = ep+L; —— At

Taking Laplace transforms

Ep(s) = Kps6(s)
Ea(s) = Ep(s)+1, (s)[R. +sL,}
T = KI; (s)

Now torque is utilised to drive load + shaft of motor.
Jeq = Jm+n?JL = Equivalent moment of inertia

beq = bm+n? by = Equivalent frictional coefficient

d20 doé
T = KI (b) Jeq dtz beq—dT

= [Jeq 82 + begs]O(s) Laplace transform

L. (s) %Ueq 52 + beqs]6 (s)

E.(s) = Kp sB(s)+—(—2Ueqs + begs][R, +sL,]
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0(s) _ K
Ea(s)  s[eqS+beql[Ra +sLa]+ KKp s

K
$[KKp + La Joqs2 + 5(La beq + Ry Jeq) + begRa ]

‘L,’ is generally small hence neglected.

K
S[KKp +SR; Jeq + begRal
_ Km
T s(I+Tps)
Km = K = Motor constant
mo (begRs + KKp) -
Tm = Ralo Motor time constant
" UegRa + KKp)
Now C(s) = n0(s)
Cs) _ _ 6(s)
EG | E@®
C(s) _ n K
Ei(s)  s(1+Tms)
Cs) n K N
m = m where Ea (S) = Kp E(S)
n Km K E(s)
Cl) = s(1+ T s)
n Km Kp Kl {R(S) - C(S)]
C) = s+ T 9)
) n Ki K; Ky L Kn Kp Ky Ris)
S CO Sy YO T ST e
. C s(1+Tms)+nKmKPK1 _nKprKlR(s)
= Cls) S+ T, 9) S TS+ T )
nKprKl
C(s) _ s(1 + Tpns) _ G(s)
R(s) ~ + PKmKpKy "~ 1+G(s)H(s)
s(1 + Tins)
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Block diagram :

R(s)

E(s) Eqls) K 0(s)

K1 - Kp S (1 + Tms) - " T C(S)

Fig. 4.54

nmp Example 4.3 : A d.c. motor drives a pointer which is spring loaded, to return to the
reference position. If Ky = Back em.f. constant, Ky = Torque constant K, = Spring constant
and | = Moment of inertia. Find the transfer function.

0 Pointer

(M.U. : Nov.-93, Nov.-99)

Solution : Writing the system equations.
di,
Va(t) = la RB + La —Ht—-’F Eb
Taking Laplace,
Va(s) = Ep(s)+1a(s) [Ra+sLy] - (1)
_ Va(s) —Epls)
Ia(s) = R, +5L) . e (2)
Now Tm = Krla, Tm = Motor torque . (3)
and Ep(s) = Kps0(s) asEp o= %% .. (4)
N Va(s) - 6(s)
A R ]
Va(s) — Kps 6(s)
d Tm(s) = K )
an (s) T[-(Ra+sLa) ] ()
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This torque is used to drive a pointer with inertia J and spring load of constant Kj.

d2e(t
Tn = 1500+ K 6Q)

Taking Laplace
Tin(s)
Equating (5) and (6)

Js28(s) + K, 0(s) .(6)

. J520(5)+Kse(5) = Kt [va(s)_Kl’Se(s)]

R, +sL,
, . KrKesB(s)  Kr .
Js20E)+ KOS+ 5Ty "R, 7sLy O
. Js? (R +sL,;)+ K. (R; +sL,)+ Ky Kps N Kt _
- 9(5)[ ®, +5L,) "R +sty
So transfer function is,
0(s) _ K1
Va(s) s2J(R, +sL,)+ K, (Ry +sL,)+ Ky Ku s
B(S) _ KT

Va(s) ~ (R, +sLa)[s?2 ]+ K+ Ky Kp s

i Example 4.4 : A d.c. generator supplies its output to a separately excited d.c. motor. The
field current of the motor is constant. The voltage applied to the field circuit of d.c. generator
is es(t). Write the differential equations of this Ward-Leonard system relating the input ¢ (1)

to the output 0, (t). (Refer to figure shown below) Hence obtain expression for 0, (s).
(M.U.-May-96[PTDC] and April-96[Electrical])

K -
o 'f_ 9 Generator Motor iy Constant
A
L
La“ Lam
ed) .
Ry Reg X
Ko Kt
em
Yo Ward-Leonard system

Solution :  Torque produced by motor,
T = Kyl (1)

Voltage applied to the motor

Eg(t) = I, R, +L —dalti+ Ep(t) - (2)
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Back emf is proportional to the angular velocity
dOm(t)

Eb(t) = Kb —-d-t— ves (3)
Torque produced T is used to drive a load of inertia J and friction B
T =] %) +B I .. (4)
Equating (1) and (4)
de,, dOm
Krl,®) = ] e +B it
I.(t) = —K—;W'F-R?T .. (5)

Substituting in equation (2) we can get resultant differential equation relating E,(t) and
O m(t).

I,

Now Ef (t) If Rf + Lf _ClT e (6)

and Eg(t) = Kg L;(t) w (7)

t
. Substituting I;(t) = Es () in equation (6) we can get, equation relating E(t) and

Ke
Eg (t).
Substituting this in equation (2) we can obtain the final differential equation relating

~ Eg(t) and 0 (t). It is very difficult to obtain in time domain so let us obtain it in Laplace
domain.

Taking Laplace transform of all the equations

T(s) = Kyla(s) .. (1)
Eg(s) = L.(s)[Ra +5 L, ]+ En(s) . (2)
Bb(s) = Kb SBm(s) (3)
T (s) = Om(s)[Js? +Bs] wr (4)
Krla(s) = Om(s) [Js+B]s
L = o ;EIS* B] .. (5)
Ey(s) = = sUs +KB][R“ *slal L ke sBms) . (6)
T

and E¢(s) = I¢(s) [R, + sL;] w (7)

wy o nl
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Ey(s) = K; Ig(s)
So I¢(s) = E;is)
E.(s) [Ry +sL
E¢(s) = e [K;+S L .- (8)

Substituting Eg(s) in equation (8) we get

E¢(s) K N L IsUs+B)(Ry +sL;
R +si] ~ 0 m(s) [ Ky + Kbs]
0 mi(s) - Kg Kr
E((s)  (Re+sLg) {s(Ra +sLa)(s+B)+sKeKr}
Bon(s) = K¢ Kt Eg(s)

(Re+sL¢) {s[(Ra +sL.)(Js+B)+ Ky Kr ]}

4.19 Models of Thermal Systems

4.19.1 Heat Transfer System

Surrounding temp. 0 -

Thermal insulation

— Water |
Outlet water T——— ':: <+— Inlet water
[+ [+]
6, C SHHO0 6 C

Heater

Fig. 4.55

A thermal system used for heating flow of water is shown below.

Electric heating element is provided in the tank to heat the water. The tank is
insulated to reduce heat to the surroundings.

The necessary simplifying assumptions are :
1)  There is no heat storage in the insulation.

2)  All the water in the tank is perfectly mixed and hence at a uniform temperature.
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d x(t)
Fh'ichonal = B dt

Taking Laplace and neglecting initial conditions,

Fh'ictional (s) = BsX(s)

Similarly if friction is between two moving surfaces, it is shown in the Fig. 4.8.

%2 =

M, M,
SIS

Fig. 4.8 Friction between two moving points causes change in displacement

In such a case, opposing force is given by,

_ ofdxa®) _ dxa®
Ffrictional = B[ at - dt ]

Taking Laplace,

Firictionat (8) = Bs [Xi(s) — Xa(s)]

Thus if the force applied to mass M, is f(t) then due to friction between the masses M,
and M,, the force getting transmitted to M, is always less than f(t). Hence the
displacement of mass M, is different than the displacement of mass M,.

Key Point : The friction between kwo moving points, causes a change in displacement from
one point to other.

Frictional force also behaves exactly in same manner, in rotational systems, only linear
frictional constant becomes torsional frictional constant but denoted by same symbol "B’ only.

4.3 Rotational Motion

This is the motion about a fixed axis. In such systems, the force gets replaced by a
moment about the fixed axis i.e. (force x distance from fixed axis) which is called Torque.

So extension of Newton's law states that the sum of the torques applied to a rigid
body or a system must be equal to sum of the torques consumed by the different elements
of the system in order to produce angular displacement (), angular velocity (®) and
angular acceleration (@) in them. As previously stated, spring and friction behaves in same
manner in rotational systems. The property of system which stores kinetic erergy in
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@
]

Inlet water temperature in °C.
0, = Outlet water temperature in °C.
@ = Surrounding temperature.
q = Rate of heat flow from heating element in J/sec.
q; = Rate of heat flow to the water.
q. = Rate of heat flow through tank insulation.
C = Thermal capacity in J/°C.
R = Resistance of thermal insulation.

So rate of heat flow for the water in tank is,

de
q = C -—d-ti .. (1)
The rate of heat flow from the water to the surrounding atmosphere through

insulation is,

90 _6

qt = R oee (2)

As per the heat transfer principles,

qQ = q; +q .. (3)
Substituting equation (1) and (2)
_ deo 00 - 9

Neglecting the term 6/R from the equation (4) this is because the varjation of water
temperature 6, is over and above ambient temperature 8,,.

d6, 8,

1=Ca*yr

Taking Laplace transform,

8, (s)
R

Q(s) = Csbo(s)+

~ Transfer function is,

8o(5) R
Q) ~ 1+sCR

The time constant of the system is RC.

nl
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4.19.2 Thermometer Thermometer

Consider a thermometer placed in a water
bath having temperature 8,, as shown.

0, is the temperature indicated by the
thermometer. The rate of heat flow into the
thermometer through its wall is,

dq - G| _eo
dt ~ R
Where R = Thermal
resistance of the thermometer wall. Fig. 4.56

The indicated temperature, rises at a rate of

do, N 1 dq
dt ~ Cdt

where C is thermal capacity of the thermometer.

do, 1 [Gi —00]

at Cc R

Taking Laplace of the equation,

$8,(s) = Ig—c [01(5)’90(5)]

0,(s) 1

8;(s) 1+sRC

The time constant is RC.

4.20 Actuators

The actuator is a device which receives input signal from the controller and it
produces the input signal to the plant according to control signal so that the output will
approach the reference input signal to reduce the error to zero. Thus an actuator is
generally after the controller and before the plant in the control system. An actuator can be
of two types :

i) Hydraulic actuator 2) Pneumatic actuator
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4.20.1 Hydraulic Actuator
The structure of an hydraulic actuator is shown in the Fig. 4.57.

Main piston
Main cylinder A W 7 | .y
\ﬂf Load Output
a displacement
7
e
Input B D e
displacement T , L% —
| l I ] 1 | | 1 l \ Valve cylinder
To sump From high To sump Valve piston

pressure source

Fig. 4.57

They are piston devices in which motion of the spool regulates the oil flow to either
side of the power cylinder. When the spool moves to the right, the high pressure oil enters
the power cylinder to the left of the piston.

The differential pressure produced causes the power piston to move to the right,
pushing the oil infront of it into the sump.

The load coupled rigidly to the piston moves a distance y from its reference position
corresponding to the displacement x of the valve piston from its neutral position. The oil is
pressurised by a pump and is recalculated in the system.

Equation of motion and transfer function
The rate of flow of oil into the piston is proportional to the rate of the movement of
the piston.

Q= A %{-, A = area of piston - (1)

If P is the differential pressure across the piston then the force on the piston is AP.
This moves the load of mass M against friction B.

d2y _ dy

AxP:Mdt2+ G

o (2)

For small values of the displacement x, if P is the differential pressure on the piston
and Q is the oil flow then,
K:P = Ky x-Q w (3)

2

Md'y Bdy| _, dy
%2 [X dt2+K_t]_ Kix-A g

o

wy nl
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Taking Laplace transform,

K-M
A

-
&

s2 Y(s)+ sY(s) = Kj X(s)— A Y(s) s

Y(s) [s2 Ko M+ Ky Bs+A2s] =K A X(s)

Y(s) _ KiA
X(s) s2K;M+sKoB+AZs
K A
Y(s) K3 g

X(s) 2
) s[Ms+(B+ f‘(z)]

This transfer function is similar to the electric motors.

4.20.2 Pneumatic Actuator

Pncumatic acting valve is used to [ foissiiis)
- . Input Y 4
obtain linear displacement of a plunger —_— 4
with pressurised air as input. pressure ¢ /
5 Spring
The air at pressure P is injected ‘Ban /]
through inlet. Pressurised air pushes the ¢ 9
diaphragm and plunger. The plunger has // CLLLLlls [////[[5 Diaphragm
a mass M and friction on B with spring vrsd. 4
— N —t——]
constant K. ﬁ
(7724
Let A be the area of diaphragm then 4 /
transfer function can be obtained as .
below. y T < Plunger
Force exerted on the plunger is A x P.
This force is opposed by mass, friction Fig. 4.58

and spring.

d?y _dy
AXxXP = M-Et—Z—'FB-aT-FKy

Taking Laplace transform,
A P(s) = Ms2 Y(s)+ Bs Y(s) + KY(s)

Y(s) _ A
P(s) MsZ + Bs+ K

The advantages of pneumatic systems are firc proof, explosion proof, simplicity and
easy to maintain.

yuonl
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4.20.3 Comparison between Pneumatic and Hydraulic Systems

Sr.No.

Pneumatic systems

Hydraulic systems

1.

The fluid used is air.

The fluid used is oil.

2 Air is compressible. Oil is incompressible.

3. Air does not have iubricating property. Oil acts as a lubricator.

4 The output power is much less compared to The output power is much higher than
hydraulic. pneumatic.

5. At low velocities, the accuracy is poor. At ali velocities, the accuracy is satisfactory.

6. No return pipes are required when air is used.| The return pipes are must.

7. Can be operated for the temperature range of | It is sensitive to the temperature changes and
0°Cto 200°C. 1t is insensitive to temperature | the range is 20°C to 70°C.
changes.

8. These are fire proof and explosion proof. These are not fire and explosion proof.

9. Easy from maintenance point of view. Difficult from maintenance point of view.

Note : The state space method of modeling the systems is separately covered in the
chapter 15.

Examples with Solutions

mmp Example 4.5 : The voltage generated by a d.c. generator is filtered by a low pass filter
consisting R; and L, as shown below. This filtered voltage is controlled by the voltage
applied to the field of generator.

If Rp=40Q,

Ly =60H, Ry=05Q, Lo=1H, I, = 1H, R; = 2Q and

generator constant Kg = 120 V / field Amp. Determine the transfer function

Ex(s)
= of the system.
E/(s) f the sy (M.U.: Dec.-97)
R R, S E
4 © ANV AMA- O |
v L (
: :
edt) ) %q eyt ) LR ) eyt
i in H ;
] ]
v © ; :
e s
Low pass filter

Constant speed

wy nl



Control System Engineering 4-55 Mathematical Modeling of Systems

Solution : For field circuit, ee(t) = i (D Re + Lg Cii-itf— . (1)
For armature circuit, e, =12 (MR, 4 i2(0R>4 1., -(:;—tz + L- %lt: - (2)
For generator, e,(t) = Kz, if(1) .. (3)
For output , ez(t) = i2(t) Ry - (4)
Taking Laplace transform of all the equations,
Ef(s) = I(s) [R, +sL¢] ... (5)
Ea(s) = Ia(s)[(Ra + R2)+s(La + L2)] - (6)
Ea(s) = K I¢ls) - (7)
Eafs) = I2(s)R; - (8)

Equation (6) and (7),
Kq 16(s) = Ia(s) [(Rs +Ra)+s(L, + La)]

Substituting I, (s) from equation (8) and 14(s} from cquation (5),

s E¢(s) _ Ex(s) s
h"; [Rl +s LT] - __Rz_' [(I\.\ + Ro)+s(Ly + LZ)]

Substituting I,(s) from cquation (8) and i¢(s) from (5),

Ea(s) K; R»
Ec(s)  (Ry+sLy) [(Ra + R +s(L, +Ly)]

Substituting the values,

Ea(s) _ 120x 2 _ 2.4
E((s) (40+60s)[(25+2s)]  (1+ 1.5s) (1 + 0.8s)

ymp Example 4.6 : A high gain speed control system uses a tachogenerator for speed_ sensing.
The tachogenerator produces 5 V per 100 r.p.m. This voltage is compared with reference
voltage to produce error signal. If the reference voltage is set to 10.8 volt. What is the value
of expected speed? (M.U. : Nov.-94)

Solution : The tachogenerator produces 5 V per 100 r.p.m.,

-

D —

Its constant is 100

0.05 V/r.p.m.
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Now for the expected speed, error should be zero,
ie V, - tachogenerator output = error
Tachogenerator output = V;
Let N be expected speed in r.p.m.
N x 0.05 10.8
N

216 r.p.m. ... Expected speed

) Example 4.7 : An armature controlled d.c. motor has an armature resistance of 0.37 £ .
The moment of inertia is 2.5 x 1076 kg-m?. A back emf of 2.09 V is generated per 100
r.p.m. of the motor speed. The torque constant of the motor is 0.2 N-m [A. Determine the
transfer function of the motor relating the motor shaft shift and the input voltage.

{M.U. : Dec.-96)

Solution : The motor can be shown as,

R Iy Constant
a
I [- o ‘V\N\,
Vylt) ) @—%— Load
it
l ia(t) 0./ r
-
Now back emf is 2.09 V per 100 r.p.m. , N = 100 r.p.m. is,
0= 2N _ 104719 rad/sec
60
. Back emf constant K = =209 = 0.1995 V/rad /sec
" 10.4719

Kf = 02 N-m/A
For armature circuit Va(t) = 1, R, + Ep -. (1)

Taking Laplace Va(s) = 1.(s) Ra + En(s)

Kp a9 e (2)

Ep(t) T

Taking Laplace Ep(s)
Tm

Kbs© (s)
Kr1a(t) - (3)
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Taking Laplace Tip(s) = Ky I,(s)

This torque drives a load of inertia J.

d- e
T \ = - oes 4
m(t) J P 4)
Taking Laplace Th(s) = Js26(s) .
Kila(s) = Js26(s)
25x%x10-%

[.(s) = —332 s20 (s) = 1.25 x 10-5 52 8 (s)

Va(s) = 1.25x 5210750 (s)x0.37 + K 56 (s)

Va(s) = 4.625x107° s26(s)+ 0.1995 s6(s)

0(s) _ 1 21621622

Va(s) ~ 4.625x10%s? +0.1995s  s(s+ 43135.135)

. Ea(s)
mmp  Example 4.8 : For the system shown below determine .
Es(s) (M.U. : Dec.-97)
Rl Ral La l,'2
VW ' AN I T— 5
edt) L g e4(t) Ré ex(t)
£
Separately excited d.c. generator
Solution :
_ di
For field circuit, e () = is O Rg + L -t
) ) dis dis

For armature circuit, e, () =R, +i2 ()R + L, _dT+ L, e
For generator, ea(t) = Ky ig(t)
For output, ez(t) = 12(t) R,

yuonl
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Taking Laplace of all the equations we get,
E¢(s) = I¢(s)[Ry +s Lg]
Ea(s) = I> (5)[(Rs + Ry +s(La + L2)] = Ky I(5)

Ea(s) = I2(s) Rz

Hence equating E, (s) equations,
KgI4(s) = Io(s) [12(5)(Ra + Ry +5(La + L2)]

and hence using values of I¢(s) and I;(s) from remaining equations we get,

E Es
Kgxﬁ(:)m = f{_(zs)x“R" + Ry + d (L, +L>)] )
Ea(s) _ KgR2 ol
Eis)  (Re+sLp) [(Ra + R2)+s(Ly + L2)]

mep Example 4.9 : A 50 Hz, 2 phase a.c. servomotor has the following parameters :

Starting torque = 0.186 Nm

Rotor inertia = 1x1075 kg—m?
Supply voltage = 120 V

No load angular velocity = 304 rad/s

Assuming straight line torque-speed characteristics of the motor and zero friction, obtain its
transfer function. (Gate)

Solution : The starting torque is nothing but locked rotor torque.

Locked rotor torque _ 0.186

Km = —fted voltage 120

1.55%10-

Let m be the slope of linearised torque-speed characteristics.

Locked rotor torque  0.186
No load angular speed ~ 304

m =

- 6.118x10-4

The torque at any angular speed wis given by,

* do
Tm = Kim EZI + mﬁ - (1)
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where Ex = rotor voltage
Taking Laplace, Ti(s) = Kim Ex(s)+ m s (s) ' .. (2)
This torque is- used to drive load of inertia J,. The friction is given zero.

i To = Ju 32 -

Tls) = 5% (s) (@)
Equating (2) and (4),
KimEx(s)+ msO(s) = s2],0(s)
Kim E2t(s) = s8(s)[sfm - m]

Hence the transfer function of the motor is,

8() _ Km  _ 1.55x1073
Ex(s) slsTm-m]  s[1x1070 s—(- 6.118x10-7)]

0(s) _ 155
Ex(s)  s(s+61.18)

This is the required transfer function.

mwp Example 4.10 : A two phase a.c. servomotor having a torque constant of 0.045 NmyjV
controls a position load through a gear ratio of 10:1. The effective moment of inertia and
coefficient of viscous friction referred to load side are 0.25 kg-m* and 1.0 N-m{/(rad/sec). The
synchro error detector produces an error signal of 0.1V per degree error in misalignment.
Develop the block diagram representation of the control system and there from obtain the

transfer function. (M.U. : May-99)
Solution : For the error detector, K, = 0.1 V/degree error
K = 01x:80
n

= 5.7295 V /radian

Kin = Torque constant

= 0.045 Nm/V
N1
N, 10

Ju = 0.25 kg - m2 on load side

Jeq = Motor side = N 2><IL =—1——X025
q N, 100"
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rotational system is called Inertia and denoted by J' i.e. moment of inertia. Opposing
torque due to inertia 7J' is proportional to the angular acceleration (c) of that inertia.

d2e(t) _d%
v wherea = Te

Tauetoinentia = J

Taking Laplace,

Taue to inertia(8) = J s2 0(s)

Sr. No.| Translational Motion Rotational Motion

1 Mass (M) inertia (J)

2 Friction (B) Friction (B)

3 Spring (K) Spring (K)

4 Force (F) Torque (T)

5 Displacement (x) Angular displacement (0)

6 Velocity v = (95) Angular velocity (w = 2@)
dt dt

7 Acceleration [ﬂ] Angular acceleration (a = ﬂ]
dt? dt?

Table 4.1 Analogous Elements

4.4 Equivalent Mechanical System (Node Basis)

While drawing analogous networks, it is always better to draw the equivalent
mechanical system from the given mechanical system. To draw such system use following

steps :

Step 1 : Due to applied force, identify the displacements in the mechanical system.

Step 2 : Identify the elements which are under the influence of different
displacements.

Step 3 : Represent each displacement by a separate node, using Nodal Analysis.

Step 4 : Show all the elements in parallel under the respective nodes which are
under the influence of respective displacements.

Step 5 : Elements causing same change in displacement will get connected in parallel
in between the respective nodes.

vyl
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2.5% 1073 kg-m?
1 N-m/(rad/sec)

joy]
-
]

2

_ (N1 Y 1
B, = Motor 51de—(N—£) X By _mxl

0.01 N-m/ (rad/sec)
The block diagram of the system is,

G(s) = K; x motor T.F.x II:]II
| AC. Ny 6,
Motor N, l
For motor, T = Kim E2
Tn(s) = Kim E2(5) ...(1)
d?0 de
T(s) = (52 Jeq +5Beg)8(s) {2

Equating equations (1) and (2),

Kim E2(s) = (52 Jeq+SBeq)0(s)

8(s) _ Km  _ 0.045 _ 18
E2(s) s(sJeq+ Beq) s(sX25x1073+001) s(s+4)

18 1 103131

G = . —_— —
©) = S7I5x D 16~ 5(s+ 9)
10.3131
0c(s)  s(s+4) _ 10.3131
8i(s) ,,103131 s2 +4s+10.3131
s(s+ 4)
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Review Questions

1. Explain the derivation of analogous networks using
i) Force-voltage ii) Force-current analogy
2. Write a short note on direct and inverse analogous networks.

3. Draw the analogous electrical networks based on

a) F - V analogy b) F - I analogy of the following mechanical systems

® \

Z T

Z M, iU M, }— 1)

Z OO0
K

$ B, Eﬁ B,
K,

‘/
1
-3
-
‘/
-
74
A
-
-]
-3
-]
-
]
Z
A

Bz2

vyl
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o NS thoa

10.

11.

Distinguish between A.C. servomotor and D.C. servomotor.

Derive transfer function of a.c. servomotor stating the assumption made.

State the applications of a.c. servomotor.

Derive the transfer function of field controlled d.c. servomotor.

Answer the following giving reasons :

a) A.C. servomotor has a smaller diameter and more length.

b) Field controlled D.C. servomotor is preferred than armature controlled.

Develop block diagram for armature controlled D.C. servomotor and find its transfer function.

An armature controlled d.c. motor is supplied in series with a resistance from a
24 V d.c. supply. The motor takes current of 5A on stalling and the stalling torque being  0.915
N-m. The motor runs at 1000 r.p.m. taking a current of 1 A. The value of | = 4 x1073 Kg - m?
and friction constant as 1.5 x 10~ 3 Nm/ (rad/sec)

Determine the transfer function of the motor. (Ans.: 2 ___ 29
"TVis) ~ s(1+03s)

Tor the closed loop system shown below, draw the block diagram and determine
transfer function 0L(s) / 6.(s). The given values are Error detector gain K, = 8 V/rad, Amplifier
gain Kn =10 VA Ry =5Q, Ly =025H Ki = 005 Nm/A, Jmowor = 0.02 Kg - m?,
Ju =3 Kg - m2. foer = 0.03 NmArad fsec).

fi. = 5.5 Nm/ (rad/sec)

¢ |, Constant

"
D>

e Ry

| N, =10
Ka Y <:::?—'{] 0
C

je— @

[ 3 1,

12.

N, = 100

Be(s) _ 3212 \
6:(s) ~ (s> + 21.5s2 + 30.35 + 32.12)
The moment of inertia J., and the cogfficient of viscous friction f, for a field controlled d.c. motor
are motor respectively 5 x10-4 kg - m? and 12.5 x 10~ 4Nm (rad/sec). The motor torque constant

K¢ being 2.5 Nm/A. Deterniine the transfer function relating the angular speed of the shaft and
wls) _ 2000 )
If(s) ~ 1+404s

(Ans.:

the field current. (Ans.:




Control System Engineering 4-63

Mathematical Modeling of Systems

Vis)

Calculate a) The reference voltage.

suddenly applied.

T (s)

+ Tds) Ta(s)

13. Figure given below shows a block diagram of speed regulator system. The accelerating torque is the
difference between the torque developed by the controller and load Ty. The controller gain is
0.00102 Nm/rad and the tachogenerator constant is 0.191 V/rad/sec. The load speed is adjusted to
1000 r.p.m. The moment of inertia is | and friction is negligible.

b) The speed if a constant load torque of 0.001 Nm is

(Ans.: a)20V b)951 r.p.m.)

— ofs)

Ky

9

14. An instrument servo consisting of motor, spring loaded shaft, etc is shown below

_ | 3
g Yl N OP RS EN
Where V= Voltage in volts

R = Motor resistance 1 Q
L = Motor inductance 0.1 H
Ka = Amplifier gain = 10 V/V
K = Spring constant = 0.001 Nm/rad
Ky = Back e.m.f. constant = 0.01 V (rad/fsec)
Kt = Torgque content = 0.01 N-m/A
] = Monent of inertia = 0.005 N-m-s?
If the input is 1 radians, what is the steady state error? (Ans.: e = _ .1,

Kr K] 101
[‘ *(xz;’ni]
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|+

42.3

15. The positions servomechanism is shown in figure below. ©, is reference position and ©, actual
angular displacement of shaft in radians. Obtain its closed loop transfer function

)

V:_:"- € Amp.
Given © = angular displacement of the motor shaft
K; = gain f error detector = 7.64 V /rad
R, = 2Q, L, = negligible
Ky = 55x102 V/rad/sec
Kr = 6x10° Nm/A
Jm = 1x10° Kg-m?
fn = negligible
Ju = 44x102 Kg-m?
f = 4x102 Nm/ (rad/sec)
Nt =1
N, = 10
(Ans. : 6(s)
16. Derive the transfer function of a typical d.c. position control system.
17. Derive the transfer function of a typical d.c. speed control system.
18. Obtain the mathematical model of heat transfer system.
19. Obtain the mathematical model of thermometer.
20. What is actuator ? Explain hydraulic and pneumatic actuator systems.
21. Compare hydraulic and pneumatic actuators.

= ;
0:(s) st +7.7s+423

nl

Qg
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-

4.5 Remarks on Nodal Method

a) The terms for an element

connected to a node X' and tx(t)
] . —x()
stationary surface (reference) is,
M 1) ~ M
2 |
For mass —» M i—; 77777777777
dt X
dx M ] f{t)
ich ux B
For friction —» B It Erction 'B° =
7777777
For spring — Kx X

t)
b) The term for an element ==y K
connected between the two nodes é—s’pm\;‘ M=l =
*X;" and * X;' ie. between two

moving surfaces is, (a)

For friction —) B [Q(l - dxz]

dt dt

x x(t)
- — I
For spring — K | x; = x2]
m, —J[ ™. = M,
No mass can be between the WW_ [ |

]
<
N

two nodes as due to mass there Friction ‘8’ ) ( :
— ot
cannot be change in force as mass 2 ! ?(—)—’Wﬂ"—xf“
cannot store potential energy. M; TN — M, = (1) = K
. Spring ‘K’ M, M,

c) All elements which are y77mrmrr7777777777777
under the influence of same 777777 777077
displacement get connected in (b)

parallel under that node indicating

the corresponding displacement. Fig. 4.9

e.g. consider the part of the system, shown in the Fig. 4.10(a).

X
LL All elements
qnder same
B __1 K displacement _
- M K B
| M ]
b x TIT77777777 777777777

(2) (b)
Fig. 4.10
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prs
B, Ky
|
My
I
B, K, Together
cause change
[ in disptacement
M,
"
Fig. 4.11

Here M, B and K all are under the
influence of x(t). Hence in equivalent system
all of them will get connected in parallel
under the node °X'. Consider another
example of the system shown in the Fig. 4.11.
In this system M, , B, andK; all are under
the influence of displacement X;. This is
because all are connected to rigid support.

While there is change from X; to Xz due
to simultaneous effect of B; and K;. So B,
and K are under the influence of (X; - X2).
But mass M, is under the influence of X,
alone. Mass cannot be under the influence

of difference between displacements. So in equivalent system the elements B; , K; and
M, all in parallel under X; while B, and K; in parallel between X; and X, and element
M is under node X, as shown in the Fig. 412 .

Ve VL

4.6 Gear Trains

T, 62

Fig. 4.13 Gear system

Fig. 4.12

A gear train is a mechanical device that
transmits energy from one part of a system to
another in such a way that force, torque, speed
and displacement may be altered. The inertia and
friction of the gears are neglected in the ideal case.
Consider a gear system as shown in the Fig. 4.13.

The number of teeth on the surface of the

# gears is proportional to the radii  and r; of the
gears.

ie. r Nz =1 N]
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The distance travelled along the surface of each gear is same.

ic. 0in = Oz

The work done by one gear is same as the other.

ie. 716, = T:0,
we can say i _ 0 _n N
Tz 61 ra Na

Remarks :
1) The numbers of teeth N are \

proportional to the radius r

of a gear. Distance = 8

2) The distance travelled on
each gear is same.

3) Work done = T8 by cach
gear is same.

L .
[ r |

Fig. 4.14
4.6.1. Gear Train with Inertia and Friction

In practice, gears do have inertia and friction which can not be neglected. Consider
such practical gear arrangement connected to the load, shown below.

By
z

\
T

Input torque T

T,.6
Primary side /2 2 %

N,

i Jy Load
\ § Load torque T
Nz B, Load side
Fig. 4.15
T = Applied torque 0: .02 = Angular displacements

Ty , T, = Torque transmitted to gears J1 .J2 = Inertia of gears.

N; , N2 = Number of teeth B; , B> = Friction coefficients

TN I

i
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The distance travelled along the surface of each gear is same.

ie. Bin = Oarz

The work done by one gear is same as the other.

ie. 716, = T26,
we can say L _62_n _ N
T2 0, rn N2
Remarks :
1) The numbers of teeth N are
proportional to the radius r
of a gear. Distance = 18
2) The distance travelled on
each gear is same. o
3) Work done = T8 by each [ R \
[ {

gear is same.
Fig. 4.14

4.6.1. Gear Train with Inertia and Friction

In practice, gears do have inertia and friction which can not be neglected. Consider
such practical gear arrangement connected to the load, shown below.

B, N,y
:%: Jy >
Input torque T Ty 84 §
T
Primary side /2 62 %
{ Jp Load
\ § Load torque T,
N 8, Load side
Fig. 4.15

T = Applied torque

Ty , T2 = Torque transmitted to gears

N , N2 = Number of teeth

0, .02 = Angular displacements
J1.J2 = Inertia of gears.

B; , B» = Friction coefficients

Mt
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Torque equation of side 1 is,

d2 8. (t) d8,(t)
T=1 TS +B 9t +T (1)
Torque equation of side 2 is,
d20,(t) dO,(t)
T=Js —g5—+B —75—+T ()
i _ Ny _6,
Now TN
= Nz
T2 - N] ‘rl
Substituting in equation (2)
N2 d?e, de;
N T = )2 —Et-z—"'Bz —Jt-—+T"
. - Nl 420, N1 de; = N;

Substituting value of T; in equation (1)

_ . 4%, de;  N; . d20: LN do;
T=lhgg*bgw ‘" mBa
Subsﬁtuting 82, = %‘-91
. _ d 61 d9. N] N; d291 N] Ny d01 Ny
R L e A N L ol o S e I
2 dz 61 Nx del Nl
S~ T = [J +( ) ]2:' I:Bl-!-(Nz) B2 dt N T
Jie = Equivalent inertia referred to primary side
Ny
e = +( ) J2
and Bie = Equivalent friction referred to primary side
N \2
B]c = By + (N—;) B>
_ d?2 91 dOl N[
T Jie dt Bye T+(N;)TL

(D)

- ()

-3

N; T

Nz

Mt
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Similarly the equation can be written referred to load side also, where applied torque

gets transferred to load as (ﬂg- T).

Ny
N2 _ d? 02 dez
(R)T = 1 gt + B G+
2 2 NZ 2
where Jo, = Jo+({2) Jiand Ba = B2+(R2) By

4.6.2. Belt or Chain Drives

Belt and chain drives perform same function as that of gear train. Assuming that there
is no slippage between belt and pulleys we can write,

_ 1286,
(N O),
( r —— )
Fig. 4.16
L _n_6 for such drive
1§ 2 6
4.6.3 Levers
The lever system is shown in the
Fig. 4.17. This transmits translational IV IS4 4
motion and forces, similar to gear X2
trains. _1_( - )__1_
By law of moment, 1‘— f2 " h {I X,
f2 fy
fl I] = fz Iz
By work done f; x; = f3 x2 Fig. 4.17
f2 h x

4.7 Electrical Systems

Similar to the mechanical systems, very commonly used systems are of electrical type.
The behaviour of such systems is governed by Ohm's law. The dominant elements of an
elactrical system are,

Mt
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i) Resistor  ii) Inductor iii) Capacitor

i) Resistor : Consider a resistance carrying +
current ‘T as shown, then the voltage drop “
across it can be written as,

—_— I
I
V = 24—
IR ° MWW °
+ R -
Suppose it carries a current (I, —I3) then v >
for the polarity of the voltage drop shown its )
equation is, Fig. 4.18
V =(h-I)R
iil) Inductor : Consider an inductor
carrying current T as shown, then the voltage JUUU%UW 1 "
drop across it can be written as, - i
< \Y} >
velrl o Fig. 4.19
1
_If it carries a curTent (I; —1I) then for the polarity shown its voltage equation is ,
_ p dh k)
V=1L —ar
1 — |
lpe—0o
or (hi-T) = ¢ [Vt . . .
ii) Capacitor : Consider a capacitor L -
carrying current I’ as shown, then the voltage v i
drop across it can be written as, Fig. 4.20
=1 C
V=s frat . T o
- dV > Vv >
oo | 1= Ca
If it carries a current (I, —15) then for the Fig. 4.21
polarity shown its voltage equation is,
V= gf m-pa —
dv ° i °
or -1z = C—d-t— + lvl -

Fig. 4.22

Mt
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4.8 Analogous Systems

In between electrical and mechanical systems there exists a fixed analogy and their
exists a similarity between their equilibrium equations. Due to this, it is possible to draw
an electrical system which will behave exactly similar to the given mechanical system, this
is called electrical analogous of given mechanical system and vice versa. It is always
advantageous to obtain electrical analogous of the given mechanical system as we are well
familiar with the methods of analysing electrical network than mechanical systems.

There are two methods of obtaining electrical analogous networks, namely
1) Force - Voltage Analogy i.e. Direct Analogy.
2) Force -~ Current Analogy i.e. Inverse Analogy.

4.8.1 Mechanical System
Consider simple mechanical system as

> X(t) shown in the Fig. 4.23.
WWK M ) Due to the applied force, mass M will
displace by an amount x(t) in the direction

SOONNNNNANN

B of the force f(t) as shown in the Fig. 4.23.
According to Newton's law of motion,
applied force will cause displacement x(t)

Fig. 4.23 in spring, acceleration to mass M against
frictional force having constant B

f(t) = Ma + Bv + K x(t)

Where, a = Acceleration, v = Velocity
_ d2 x(t) d x(t)
ft)y = M e + B at + Kx(t)

Taking Laplace, F(s) = Ms? X(s)+ Bs X(s) + KX(s)

This is equilibrium equation for the given system.
Now we will try to derive analogous electrical network.

4.8.2 Force Volitage Analogy (Loop Analysis)

L
T—'\A?w L[ In this method, to the force in mechanical

system, voltage is assumed to be analogous one.
i) " ) €5 Accordingly we will try to derive other analogous
l o terms. Consider electric network as shown in the
i Fig. 4.24.
Fig. 4.24

1

Mt
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The equation according to Kirchhoff's law can be written as,

vit) = iR+ L $+% [ itoar
Taking Laplace,
V(s) = Is)R + Ls I(s) + -I:—::Z

But we cannot compare F(s) and V(s) unless we bring them into same form.

For this we will use current as rate of flow of charge.

) d
it) = —d—?

I(s)

ie. I(s) sQ(s) or Qs) = -

Replacing in above equation,

V(s) = L s2Q(s) + Rs Q(s) + %Q(s)

Comparing equations for F(s) and V(s) it is clear that,
i} Inductance "L'is analogous to mass M
ii) Resistance 'R’ is analogous to friction B.

iii) Reciprocal of capacitor i.e. 1/C is analogous to spring of constant K.

Translational Rotatlonal Electrical

Force Torque T Voitage V

Mass M Inertia J Inductance L

Friction constant B Tortional friction Resistance R
’ constant B

Spring constant K N/m Tortional spring constant | Reciprocal of

K Nm/rad capacitor 1/C
Displacement 'x' 0 Charge q
Velodty;(=.da’ti 6:%?=m Currentlt%%

Table 4.2 Tabular form of force-voltage analogy

Mt
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4.8.3 Force Current Analogy (Node Analysis)
In this method, current is treated as

Vv
analogous quantity to force in the mechanical
system. So force shown is replaced by a current I Ir e
source in the system shown in the Fig. 4.25. ,G) Lg R c=
The equation according to Kirchhoff's
current law for above system is,
I = I +1Ig+ Ic
Fig. 4.25
Let node voltage be V, e
. _ 1 V. .dV
S I = fIth-i-ﬁ"'Cd—t
Taking Laplace,
_ V(s)  Vis)
Ks) = vt sC V(s)
But to get this equation in the similar form as that of F(s) we will use,
v(t) = 9-2 where ¢ = flux
dt
Vis)

Vi) = s0(s)  ie 9(8)=—

Substituting in equation for I(s)

(s) = Cs? () + 2 59(6)+ 1 8(6)

Comparing equations for F(s) and I(s) it is clear that,

i) Capacitor *C' is analogous to mass M.

ii) Reciprocal of resistance -I1€ is analogous to frictional constant B.

iii) Reciprocal of inductance 1 is analogous to spring constant K.

L
Translational Rotational Electrical
F Force T Current |
M Mass J C
B friction B iR
K Spring K n
x displacement 6 ¢
X ay = OX e 90 _ o = 90
xVeloclty--d_‘- Oca._m Voltage ‘e ot

Table 4.3 Tabular form of force-current analogy

Mt
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Key Point : The elements which are in series in F - V analogy, get connected in parallel in
F - I analogous network and which are in parallel in F - V analogy, get connected in series in
F - I analogous network.

4.9 Steps to Solve Problems on Analogous Systems

Step 1 : Identify all the displacements due to the applied force. The elements spring and
friction between two moving surfaces cause change in displacement.

Step 2 : Draw the equivalent mechanical system based on node basis. Tl:e elements under
same displacement will get connected in parallel under that node. Each
displacement is represented by separate node. Element causing change in
displacement (cither friction or spring) is always between the two nodes.

Step 3 : Write the equilibrium equations. At each node algebraic sum of all the forces
acting at the node is zero.

Step 4 : In F-V analogy, use following replacements and rewrite equations,

F5V, M-oL BoR K-o1/C x-q x->i(curent)

Step 5: Simulate the equations using loop method. Number of displacements equal to

number of loop currents.
Step 6 : In F-I analogy, use following replacements and rewrite equations,

F5L MoC Bo1/R K—o1/L x—¢, x=elem.f)

Step 7 : Simulate the equations using node basis. Number of displacements equal to
number of node voltages. Infact the system will be exactly same as equivalent

mechanical system obtained in step 2 with appropriate replacements.

mwd Example 4.1 : Draw the equivalent mechanical system of the given system. Hence write
the set of equilibrium equations for it and obtain electrical analogous circuits using,

i) F-V Analogy and  ii) F-I Analogy
L

N K

%5(1)

X4(1)

(1)

Mt
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Solution :  The displacement of M, is x;(t) B,

X
and as B; is between M, and fixed support Al 2
hence it is also under the influence of x;(t). K\ .
While B; changes the displacement from x;(t)

to xz2(t) as it is between two moving points. (F) My E My EK
And M, and K are under the displacement By
x2(t) as K is between mass and fixed support.

Equivalent system

TF =0
At node 1, F = Mys?2X; +B;sX; +B; s(X. —Xz) « (1)
At node 2, 0 = M;s2Xz2+KXz2+By s(Xa-Xp) - (2)

Now (i) F-V Analogy ML B—»R K-1/C x-q

V(s) = Lys?qi+Risq+Ras(q-q2) - (3)
0 = L2s2q2 +(1/O qz + Rz 5(q2 — q1) - @)
Replacing 1—(5—)- = Q(s) i.e. I{s) = s Q(s)
V(s) = Lyshi(s) + RiLi(s) + Rz [Li(s)-1Iz(s)] - Loop 1
0 = Lyslis) + 7:(-: Io(s) + Ry [Ia(s)-1i(s)] = Loop2
Hence,

Number of loop currents equal to number
of displacements.

==C
{1/K)

(i) F - | Analogy
Fo-I M->C B-1/R K- 1/L x—=¢

Is) = G 52¢1+§11-S ¢1+-l:—2s(¢|—¢z) . (1)
0= ls(q, -91)+Cas2 ¢ +l-¢ ¥4
- R2 2 1 2 2 L 2 ore

Replacing s ¢(s) = V(s)

Mt
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Is) = GsVi(s)+ Vl‘{(ls) + RI; [Vi(s) - Va(s)] ..Node 1
0 = g [Va) - Vi&}+ C2 5 Va(9) + o1 Valo) .Node 2

Hence,
v, RA1By) v,

MWW
R Number of node voltages equal to number
@ C,'l' |—1 Tcz L{(1/K) of displacements.

(1/8,)

mmp Example 4.2 : Draw the equivalent mechanical system and analogous systems based on
F-V and F-I methods for the given system.

(t)

'3 x
Ky oI z
M !
- ® z
F 2| B K,
B,
82 Kz
Equivalent system
77777

Solution : Two displacements : No element under x;(t) alone as force is directly
applied to a spring K;. So it will store energy and hence is the cause to change the force
applied to Maz. Hence displacement of M; is xz and as Bz and K> are connected to fixed
supports both are under x,(t) only as shown in the equivalent system.

At node 1, F K (X1 — X2) .. (1)
At node 2, 0 K; (Xz - Xl) + M, s2 X2+ Ky X34+ Bs sXs .. (2)

Ms , B; , Kz are under same displacement.

Mt
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(i) F-V analogy: M> L B -R K—-1/C

V= 2(a-q) . 3 Loop (1)
1
1 2 1
0= g@-a)+les® 2+ q2+Rasqe - (4) Loop (2)
L,
LIl
C;
| (1/K;)
(S) cl—r— -
1, R, Same displacement same current.
{1/K,)
Equations in terms of 1) andl; can be written by using i(t) = ‘;—? ie. I(s) = s Q(s) as

explained earlier.
(ii) F-1analogy:M—- C, B— 1/R, K- 1/L

I(s) = 11—1-(% - ¢2) ... (1) Node (1)

0 ——(@v ~¢1)+Cas? 02 + R/ S¢2 +*1o ¢-' ... (2) Node (1)

Equations in terms of Vi(s) and Va(s) can be obtained by using the relation,

vit) = d¢ ie. V(s) =s ¢(s) as explained earlier.

Same displacement-same voltage.

Mt
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410 Servomotors

The servosystem is one in which the output is some mechanical variable like position,
velocity or acceleration. Such systems are generally automatic control systems which work
on the error signals. The error signals are amplified to drive the motors used in such
systems. These motors used in servosystems are called servomotors. These motors are
usually coupled to the output shaft i.e. load through gear train for power matching.

These motors are used to convert electrical signal applied, into the angular velocity or
movement of shaft.

4.10.1 Requirements of Good Servomotor

The servomotors which are designed for use in feedback control systems must have

following requirements :

i) Linear relationship between electrical control signal and the rotor speed over a
wide range.

ii) Inertia of rotor should be as low as possible. A servomotor must stop running
without any time delay, if control signal to it is removed. For low inertia, it is
designed with large length to diameter ratio, for rotors. Compared to its frame
size, the rotor of a servomotor has very small diameter.

iii) Its response should be as fast as possible. For quickly changing error signals, it
must react with good response. This is achieved by keeping torque to weight ratio

high.
iv) It should be easily reversible.
v) It should have linear torque - speed characteristics.
vi) Its operation should be stable without any oscillations or overshoots.

411 Types of Servomotors

The servomotors are basically classified depending upon the nature of the electric
supply to be used for its operation.

The types of servomotors are as shown in the following chart :

Servomotors

¥ ! v
A.C.Servomotors D.C.Servomotors  Special Servomotors

Armature controlied Field controlled

Mt
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412 D.C. Servomotor

Basically d.c. servomotor is more or less same as normal d.cmotor. There are some
minor differences between the two. All d.c. servomotors are essentially separately excited
type. This ensures linear torque-speed characteristics.

The control of d.c. servomotor can be from field side or from armature side.
Depending upon this, these are classified as field controlled d.c. servomotor and armature
controlled d.c. servomotor.

4.12.1 Field Controlled D.C. Servomotor

In this motor, the controlled signal obtained from the servoamplifier is applied to the
field winding. With the help of constant current source, the armature current is maintained
constant, The arrangement is shown in the Fig. 4.26.

T Ry R, L, 1, (Constant)

vg () from
servoamplifier Constant
current

0 SQurce

Fig. 4.26 Field controlled d.c. servomotor

This type of motor has large L¢ /R, ratio where L; is reactance and R is resistance
of field winding. Due to this the time constant of the motor is high. This means it can not
give rapid response to the quick changing control signals hence this is uncommon in
practice.

4.12.1.1 Features of Field Controlied D.C. Servomotor
It has following features :
i) Preferred for small rated motors.
ii) It has large time constant.

ili) It is open loop system. This means any change in output has no effect on the
input.

iv) Control circuit is simple to design.

4.12.2 Armature Controlled D.C. Servomotor
In this type of motor, the input voltage "V, is applied to the armature with a
resistance of R, and inductance L,. The field winding is supplied with constant current

I¢. Thus armature input voltage controls the motor shaft output. The arrangement is shown
in the Fig. 4.27. .
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ll Rf Ra La 'a

(Constant)
L v,(t) from
Constant /~ servoamplifier
current
source © <

Fig. 4.27 Armature controlled d.c. servomotor

The constant field can be supplied with the help of parmanent magnets. In such case
no field coils are necessary.

4.12.2.1 Features of Armature Controlled D.C. Servomotor
It has following features :
i) Suitable for large rated motors.
ii) It has small time constant hence its response is fast to the control signal.
iii) It is closed loop system.

iv) The back em.f. provides internal damping which makes motor operation more
stable.

v) The efficiency and overall performance is better than field controlled motor.

As the armature controlled d.c. servomotor is closed loop system, in comparison with
open loop field controlled system, generally armature controlled motors are used.

4.12.3 Characteristics of D.C. Servomotors

The characteristics of d.c. servomotors are mainly similar to the torque-speed
characteristics of a.c. servomotor. The characteristics are shown in the Fig. 4.28.

T ? V, = Armature voltage
orque
(N?n) Ea4 > Ea3 > Eaz > Eai
Eaa
Ea3

Eao—

Va=Ey— \
0 Speed (r.p.m.)

Fig. 4.28 Torque-speed characteristics for an armature controlled d.c. servomotor
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4.12.4 Applications of D.C. Servomotor

These are widely used in air craft control systems, electromechanical actuators, process
controllers, robotics, machine tools etc.

4.13 Transfer Function of Field Controlled D.C. Motor

Re Ry
+9 AW VWA +
— la l' — T
S
et |
- 1 Jp, = Inertia
B,, = Friction

Fig. 4.29

Assumptions :
(1) Constant armature current is fed into the motor.

(2) ¢¢ o<I;. Flux produced is proportional to field current.

o = K¢l

(3) Torque is proportional to product of flux and armature current.

Tm = ¢la

Tp = KKl )

Where K;;, = K'I, = Constant
Apply Kirchhoff's law to field circuit.

di
L¢ —lef-I' Relfg = ¢ - {2)
\
Now shaft torque Ty, is used for driving load against the inertia and frictional torque.
_ d20,, d6,
'rl-‘l - 'm c‘tz + B"\ dt bt (3)
Inertia force = J dzﬁsimilaxtomii‘- |
™ a2 dt?
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d0p, dx

Frictional force = Bp, Gt similar to B 9t

Finding Laplace Transforms of equations (1), (2) and (3) we get,

Tin(s) = Km K¢ Ig(s)
E¢(s) = (sL¢ +Rg) Ig(s)
Ti(S) = JmS20:n(S) + Byms O (s)
Eliminate I(s) from equations (4) and (5)
_ Ku K; E¢(s)
Tm) = L +RY

Eliminate Ty,(s) from equations (6) and (7),

K Kf Ef(s)
2 = —m M ERS
Input = E(s)
Output = Rotational displacement 8 ,(s)
~ Transfer function = —?;T(:))
Om(s) - Km K¢
E¢(s) (ms? +sBp) (R +sLy)
= Km Kf
" SR{ B [1+ STm] [1+ 57/]
Where Tm = {:,l = Motor time constant
m
| P
G = R, = Field time constant

TF. = 1
-]

E(s) Rl +st] Bu(l+stm)

Block diagram for field controlled d.c. motor is as shown in Fig. 4.30.

K I,Ss) Km mmfs) 1

E,(s) —_— —_—

> m(s)

R (1 +s1) B, (1 +s1,) s

Fig. 4.30 Block diagram

(@
. (5)
e (6)
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4.14 Transfer Function of Armature Controlled D.C. Motor

Assumptions :
(i) Flux is directly proportional to current through field winding,

om = K;I; = Constant

(ii) Torque produced is proportional to product of flux and armature current.

T
T

Kmola

K’m K[ lf la

(iii) Back e.m.f. is directly proportional to shaft velocity wn, as flux ¢ is constant.

de(t)
dt

as O =

Eb = Ky 0m(s) = Kp s01(s)

Rf _ Ra La
[ ¢ 'VWV W + — o +
—efy Aprr——
I Iy + 1,
Constant L g E, e,(t)
| | |
) Tm' Jm- Bm » 9m
Fig. 4.31

Apply Kirchhoff's law to armature circuit :
di,
dt

ea = Ep+I,(Ry)+1L,

Take Laplace transform,

- Ea(s) = Ep(s)+1.(s)[Rs +5L,]
la(s) = F%{(:.)T—s!tﬁ

L(s) = Ea‘sl){:fr; igm(s)
Now T = KmK I, |
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Also T = {Jm 52 +5Bm}0m(s) ... from equation (3)
Equating equations of Ty,

K'm K It Ea(s) _ K'm K¢ I Kp 58 (s)
Ry +sL;) (R +sLa)

+(m 52 +8Bg)0m(s)

K'm Kf If Km K[ I Ky s

AN mEa(S) = I:—(m""lmsz"'SBm]em(S)

Km
Om(s) _  sRaBu(l+stn)(l+st,) G(s)
E, (s) ~ 14 K - sKp ~ 1+ G(s)H(s)
SRy Bn(l+stm)(1+51,)

where T, = Jn/Bm and Ta = Tl;i
Kn = KmK;
G(s) = K

sRyBn(l+stn)(1+s1,)

H(s) = sK,

Therefore can be represented in its block diagram form as in Fig. 4.32.

E o . k .
als) Bt | | RS " Onls)

+ sK, -

Fig. 4.32 Block diagram

Key Point : Field controlled d.c. motor is open loop while armature controlled is closed loop
system. Hence armature controlled d.c. motors are preferred over field controlled type.

4.15 A.C. Servomotor

Most of the servomotors used in low power servomechanisms are a.c. servomotors.
The a.c. servomotor is basically two phase induction motor. The output power of a.c.
servomotor varies from fraction of watt to few hundred watts. The operating frequency is
50 Hz to 400 Hz.
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4.15.1 Construction

It is mainly divided into two parts
A.C.Supply namely stator and rotor.

Control Reference . .
winding winding The stator carries two wmdmgs,
Control 90t Rotor uniformly distributed and displaced by 90°, in
vol:age /’ space. One winding is called main winding
sé?yrg RN or fixed winding or reference winding. This
amplifier : is excited by a constant voltage a.c. supply.
The other winding is called control winding.
Fig. 4.33 Stator of A.C. servomotor It is excited by variable control voltage, which
is obtained from a servoamplificr. This
voltage is 90° out of phase with respect to the voltage applied to the reference winding.

This is necessary to obtain rotating magnetic field. The schematic stator is shown in the
Fig 4.33.

4.15.2 Rotor

The rotor is generally of two types. The one is usual squirrel cage rotor. This has small
diameter and large length. Aluminium conductors are used to keep weight small. lts
resistance is very high to keep torque-speed characteristics as linear as possible. Air gap is
kept very small which reduces magnetising current. This cage type of rotor is shown with
skewed bars in the Fig. 4.34 (a). The other type of rotor is drag cup type. There are two
air gaps in such construction. Such a construction reduces inertia considerably and hence

4/Stamr

Aluminium bars Drag
A\ cup AII SIS IR ALY
bR R A
AN s
b core
Shan [RRRRRRRRK
Drving WZZ277777777
shaft
(a) Squirrel cage rotor (b) Drag cup type rotor
Fig. 4.34

such type of rotor is used in very low power applications. The aluminium is used for the
cup construction. The construction is shown in the Fig. 4.34 (b).

4.15.3 Torque-speed Characteristics

The torque-speed characteristics of a two phase induction motor, mainly depends on
the ratio of reactance to resistance. For small X to R ratio i.e. high resistance low reactance
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Iy Large é Torque‘ gontrtg voltaé;e .
> > >
Torque (Nm) n- Tt ran A
f X 2
Small —R- £
23
Egp——
E21__.\
—_— Spee>d 0 Speed (rp.m.)
Fig. 4.35 Fig. 4.36

motor, the characteristics is much more linear while it is nonlinear for large X to R ratio as
shown in the Fig. 4.35.

In practice, design of the motor is so as to get almost linear torque-speed
characteristics. The Fig. 4.36 shows the torque-speed characteristics for various control
voltages. The torque varies almost linearly with speed. All the characteristics are equally
spaced for equal increments of control voltage. It is generally operated with low speeds.

4.15.4 Features of A. C. Servomotor
The a.c. scrvomotor has following features :

i) Light in weight. ii) Robust construction. iii) Reliable and stable operation.
iv) Smooth and noise free operation. v) Large torque to weight ratio. vi) Large R to X
ratio ie. small X to R ratio. vii) No brushes or slip rings hence maintenance free. viii)
Simple driving circuits.

4.15.5 Applications

Due to the above features it is widely used in instrument servomechanisms, remote
positioning devices, process control systems, self balancing recorders, computers, tracking
and guidance systems, robotics, machine tools etc.

4.15.6 Transfer Function of A.C. Servomotor
The various approximations to derive transfer function are,

(i) A servomotor rarely operates at high speeds. Hence for a given value of control
voltage, T e N characteristics are perfectly linear.

(ii) In order that T « N characteristics are directly proportional to voltage applied to
its control phase, we assume T o= N characteristics are straight lines and equally
spaced.

Torque at any speed "N is,
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T = K Bz + mS0m ()
dt
dem »
where, —¢ s speed of motor.
If load consists inertia J,, and friction B, we can write,
Tn(S) = Jin520m+BmsOm - (2)
Now Laplace transform of equation (1) is
Tm(s) = Kim E2(s)+ ms6(s) - 3)

Equating equations (2) and (3)

- Kun B2 (8)+ M5O m (5) = Jom 52 6m() + By 501nls)

em(s) - Km _ Klm
Ex(s) s -m+By,)
2(s) (sJm —m+ By) (B —m) [] + (B:J_mm)]
Ez(5) s(1+%TmS)
- Ktm
where Kn = Bo-m
- _Jm
s2e 6 Key Point : As slope is negative, in the
E;o W J‘ oS 1 ,= p" 1/= © @, above equation [B,, —m] shows that total
t: * y friction increases due to m. As it adds more
(m-B,) friction, the damping improves, improving
3 stability of the motor. This is called Internal
Fig. 4.37 Signal flow graph of a.c. Electric Damping of 2 ph A.C. servomotor.
servomotor
Kt 1 1
B —1 T, -~ [ e
- |
B Bn—-m
Jm

Fig. 4.38 Block diagram of a.c. servomotor
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Signal flow graph for A.C. servomotor is as shown in the Fig. 4.37. Hence block
diagram of A.C. servomotor is as shown in Fig. 4.38

416 Comparison of Servomotors

4.16.1 Comparison between A.C. and D.C. Servomotor

Sr. A.C. Servomotor D.C. Servomotor
No.
1) Low power output of about Deliver high power output
2 Wt 100 W.
2) Efficiency is less about 5 to 20 %. High efficiency.
3) Due to absence of commutator Frequent maintenance required due to
maintenance is less. commutator.
4) Stability problems are less. More problems of stability.
5) No radio frequency noise. Brushes produce radio frequency noise.
6) Relatively stable and smooth operation. Noisy operation.
s A.C. amplifiers used have no drift. Amplifiers used have a drift.

4.16.2 Comparison between Armature Controlled and

Field Controlled D.C. Servomotors .
Sr. Field Controlled Armature Controlled
No.
1) Due to low power requirement amplifiers High power amplifiers are required to
are simple to design. design.
2) Control voltage is applied to the field. Control voltage is applied to the armature
3) Time constant is large. Time constant is small.
4) This is open loop system. This is closed loop system.
5) Armature current is kept constant. Field current is kept constant.
6) Poor efficiency. Better efficiency.
7 Suitable for small rated motors Suitable for large rated motors.
8) Costly as field coils are must Permanent magnet can be used instead
of field coils which makes the motor less
expensive.

4.17 Models of Commonly used Electromechanical Systems

In this article the transfer functions of very commonly used systems are derived. This
will help the reader to find out the transfer functions of the different practical systems.
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4.17.1 Generators

R

Consider a separately excited generator f WV °
which is many times used in various practical I
mechanical systems. Generators are required to e Lf% @ eg
drive the motors because vacuum diodes,

transistor amplifiers are not suitable because of 1

their low ratings. Consider a generator as shown

in the figure. Fig. 4.39 Generator

Ry = Field resistance

L¢ = Field inductance
e = Applied voltage (input)
e; = Generated voltage (output)

Now for a generator,
eg =< ¢ where ¢ = flux

Flux is directly proportional to current passing through the field winding say i;.
e o g

Let K, be the generator constant in V/A

€ = Ka if e (1)
Applying Kirchhoff’'s Law to field circuit.
. di
e = ir Ry +1L4 —d'T' - ()

Taking Laplace of both the equations (1) and (2)
Eg(s) = K, Ifs)

E¢(s) = Ry I4(s) + Li(s) Is) neglecting I1(0)
) _ __Ei9
e [f(S) = Rf‘f‘—SLl
) _ Ki E(s)
° ES(S) B Rf +5 Lf
B K

Ee(s) = Ry+sLg

This is the T.F. of separately excited generator.
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.

4.17.2 Generator briving Motor

_ Itis very common to find generator driving motor in practical mechanical systems. So -
let us discuss the T.F. of a system with generator driving motor.

+

Field of
motor constant
R,
+ VWA
€
Fig. 4.40 Generator driving motor
R¢ and Ly - Resistance and inductance of generator field

e; - Generated voltage
K; - Generator constant in V/A
R.a and L, - R&sis.tance and inductance of motor armature
J - M. of Load and f is frictional force

Now. T. F. of generator is,

Bgls) _ Ky
Ef(s) - Rf"’SL[

Now consider armature controlled motor,

Torque produced by motor is dependent on i, and let Ky be torque constant.
T = Kria

This torque is utilised to drive a load.
T = Jg—:':i +f %‘tl

Now E; is voltage applied to armature.

E, = iaR, + Lo dc;;‘ +ey

where e, is back em.f.

ep oc o)o:g—e-
b dt
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Let K}, be the back e.m.f. constant

e = Kp %Bt_
. _ ,d% do
Kri, = Igﬁ- + f ?l?.
Taking Laplace transform
Ky 1.(s) = })s20(s)+ fsO(s)

. di, do
Eg = iaRy + L, dt + Ky a

Taking Laplace transform

Eg(s) = I,(s) Ry + L, s [a(s) + Kp s O(s)
finding 1,(s) from equation (3) -
(Js2+fs) 0(s)

I.l(s) = KT
Substituting in equation (4)

Eg(s) = &)KUSLQ(R“ +5L,) + Kp s0(5)
. T .

Eg(s) = 0(5)5[(“1-5)([?: +5L“)+K.,]

Eg(s)— s Kb 8 (s) = s(R, + SL‘;<). (sJ+ DB (s)
T
6(s) _ Kr

E;(s)-sKn8(s)  s(R, +sL,)(sJ+0

1 1

Eqls) Kr

s(R,+sL,) sJ+f

Fig. 4.41

6(s)

- (3)

-
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Therefore using both the transfer functions of generator and armature controlled motor

we can develop the combined block diagram as below :

Eg(s)
§) - Ko Kt 1 1 * 6(s)
EA R+ sl T S(R, + sL,) si+f
sKy,
Fig. 4.42
Reducing the block diagram, solving feedback loop of motor which is
Ky
s(Ra+sLa)(s+f) K¢
1+ sKp Kr T s(Ra+sLy)(s+N+sKy Ky
s(Ry +sL,y)(Js+f)
- Kr
T s[(Ra +sL))(s+ D+ Ky Kr ]
8(s) Kr Kg

Efs) (Ri+sL){sl(Ra+sL.)(s+N+KuKr [}

4.17.3 Position Control System

o

Another very common system used in practice is position control system. This is used
to control position of shaft, by use of potentiometer as error detector. The error is to be
amplified by amplifier and then must be given to armature controlled motor whose shaft
position will get controlled as per the controlled signal. The motor shaft is coupled to the

load through gearing arrangement with ratio N; /N,.

Load has M.I. J and friction as f while 8, is the reference position while 8, is the

actual position of shaft.
The circuit diagram can be drawn as below :
R, L,
N,
Br Amp
—_ K Gear
T e

[——@'

e = error N,
I iy I ‘:I
const. 6,

1]

Fig. 4.43 Position control system
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Let K, be the potentiometer sensitivity, in V/rad
The corresponding block diagram can be drawn as shown in the Fig. 4.44.

© K | Ky 1 Ny
0d) P K SR, +sL,) | |sa+f N, 84(s)
0,(s) - *

Ky

Fig. 444
Reducing the block diagram as shown in the Fig. 4.45.

Ky N,
s[{R, + sL,) (sd + 1) + KKyl Ny

4

a,(s) KiG —

0,(s)

Fig. 4.45
KKp Kt (N1/N2)
s[(Ry +sL;)(Js+ )+ Ky Kt ]

Gls) =

K Kr Kr (N;/N2) = K; = System gain constant

H(s) = 1
s Quer all T. F. can be calculated as below,
Ks
0a(s)  s[(Ra+sLy)(s+f)+ Ky Kr]
Or(s) B 1+ K&
s[(Ry +sL,)(Js+ H+ K, Kr ]
0.(s) _ K,

0.(s) ~ s[(Ra+sL,)(s+f+K, Ky ]+ K

4.17.4 Position Control with Field Controlled Motor

In the above case if instead of armature controlled motor, field controlled motor is
used then derive the T.F. of overall closed loop system.

Consider field controlled motor,

- di
€ =1 Rf + L‘ —c-ui
Now T o ¢ i, and i, is constant

T o< ¢ o< i

-~
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R iy
+ T_WN
e ng Loidfof
l 0
° i, = constant
Fig. 4.46

. Let K; be constant in N-m/A

T = K‘if

This torque is utilised to drive a load of moment of inertia J and friction f.

T =

Kg i¢

=]

4% do
dt? dt

&% . do
dt2 dt

J +f

Finding Laplace of all the equations,

E¢(s)
and K, I;(s)

I¢(s)

Substituting in E¢(s)

E¢(s) =

0(s)

It(s) Re+s L¢ I(s)
Js2 6(s) + s £6(s)

sB(s) [sJ+ 1]
Ky

sO(s) [s]+f] [Ry +sL¢]
K¢

K¢

" E) =

s[sJ+fl[R¢+sL¢]

) Now using the same block diagram as derived in case (iii) replacing armature
controlled motor T. F. by the field controlled we can get the new block diagram.

8,(s)

K N,

e R N,

Fig. 4.47

8,(s)
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_ Ny
Let Ko = KKy K,(N-)
= K« ) -
G = SeTap® sty =1
' K. : .
Ba(s) _  G(s) _ s(sJ+HRs+sLy
0.(s) 1+ G(s)H(s) _“_ K,

s(sJ+f)(Ry +sLy)

0a(s) _ Ks
0,(s) ~ s(sJ+DR;+sL{)+K,

4.17.5 Speed Control System

In some of the practical applications it is necessary to drive a load at a desired speed
wrad/sec. For this apphcatlon an electromechamcal system can be used which is' shown as
below.

Constant

Load
>—e\ V31D

Tachometer

"Fig. 4.48 Speed control system

System uses armature controlled motor and tachometer feedback. Let Ki be the

amplifier gain. Let us derive the transfer function of this system. The objective of system is
to move the load at a desired speed.

The d.c. tachometer output voltage is proportional to output speed ©.
e, is reference voltage and e; is tachometer voltage.

error e = e —e
ea = Kyxe=K, (e;—e) - (5)
e = K¢ o where K, is constant. « {6)

Neglecting inductance of armature

ea = ia Ra +eb
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ep = Kp
a = LaRa+Kp® substituting from equation (5),
Ka (er—e) = ia R, +"-!$? Ny substituting from equation (6),
Kiee-Ky Kio = i, Ry +Kp o
Taking Laplace
Ka Ec(s) = (K; Ki +Kp) 0fs) +1ia(s)R, - (7)

Now torque produced by motor

T e i,
T = Kt i, .. (8)
Now this drives a load
Kr ia = ] %)-l-fw where m=% . (9
-~ Taking Laplace
Kt ia(s) = Jsw(s)+ f w(s)
i = 250 e . (10)
Kr
Substituting in equation (7)
Ky Ed(s) = (Ka Ki +Kp)o(s)+ L5119 o
Kt
_ (K K¢ +Kp)ofs) s+ flos)R,
Erls) = K PR K
] i K _ Ds+f]R,
~Eels) - (K. + KT) W)= D 0l
R
El(s) = {Kt + % + %} ols)
ofs) _ Ka Kr

Ei(s) Ka Kr Ky + Kp Ky + [Js+f]Ra

This is the required transfer function of the speed control system.
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4.17.6 Speed Control using Generator Driving Motor

A position control system described in Fig. 449 in which the armature of motor is
applied with a control voltage through a generator. The field current of generator controls
the voltage generated by the generator.

e,(t) _+.®Lm.

(M) ~<u£ 3Fm

Constant
speed

Fig. 449 Speed control system
Let us determine the transfer function of the system
Input is e; (t).
d(@
Now ety = qq()-Kp —stl ... (11)

Taking Laplace transform

E«s) = Ei(s)-Kps0(s)

L %+ R, i - (12)

Now E.(t)-K2
applying Kirchhoff’s law to the field circuit of generator.
Now e, = K,i, whereK, is tonstant.
Taking Laplace transform
Ea(s) = K; If(s) - (13)

Taking Laplace transform of (12)

Eds) K2 = 1y (s)[Ry +5sLi]
Eliminating I (s)
Ec(s) K2 _
®orsip ~ 1O
_ Ka Ed9) Kz
Ea(s) = ®;+sLy
Es(s)  KiKa

E(s)  (Rq+sly)
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Now consider field constant armature controlled motor. Armature is energized by
output of the generator.

Applying Kirchhoff’s law to armature circuit,
Ei(s) = Eup(s)+1, (S)[Ra +sL, ]
Back e.m.f. is proportional to 6,

Ep(s) = Kp Qg?m_
Taking Laplace Transform ‘
Euw(s) = K'b 5O (5)
Ea(s) = KpsOm(s)+1a(s)IRa +sLa]

In armature controlled d.c. motor as field current is constant so torque produced is
directly proportional to the armature current.

T = KI1,(s) where K is motor constant.

-This torque is utilized to drive the load with moment of inertia J and friction Fn.

T=1] dc;?zm +Fn dg;“ Taking Laplace transform from
KI.(s) = Js20m (s)+5Fy0pm(s)

L(s) = RUs+Fu)Om(s) ,
Substituting in equatic.m for Ea- (s)
Ea(s) = Ko 50m(s)+ Us+Fn) O (5)(Ra +5La)

em'(s) _ K
E.(s) sKKp+s(R, +sLy)(Js+ Fn)

K

= ———m .
T s+ T, s] ... Neglecting L. of armature
Kn = -———K— = Motor constant
™ = KKy +R; Fnl
RaJ ..
Tm = {KK——', YR, R Time constant of motor

e
Neglecting ‘L,” of armature motor. '

. Om(s) _ Km
- E.(s)° s(1+Tys)
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B K K
Ec(s)  [Ry+sLy]

Ks K2 Ec(s) _ Om(s)s(l + T 5)

E.(s) =

(R +sLg) Km
and Eds) = E1(s)-K,s0p,
K Ko [Bi ()~ Ko 50m(s)] _ Om(5)S(1+ T 5)
) [R¢ + s Lg] - Km
K., K> K, _ Ko Ky Ko Kin s
mE](S) = em(s)[s(1+Tm S)+W]
K, K2 K, _ Ris(1+Tus)(QA+Tis)+ Kp Ky K2 Ky s
TrsT] 1 = Om ‘s’[ ) ]

em(s) - Ka KZ Km
Ei(s) sfKp Ky K2 K + Ry (1 + Ty, 5) (1 + T s)]

B m(s) _ K2 Kn l<g
Ei(s) s[K; Kb K2 Km +(1+ T s)(1+ T )]

where K; = %’- generator constant.
f

4.17.7 A Typical Position Control System used in Industry

A position control feedback system has a potentiometer bridge with a sensitivity of
K, V/radian as error detector. It feeds a d.c. amplifier with an open circuit gain K. This
Supplies to a field of generator which has resistance Ry and inductance L;. Generator
constant is K;V/A. This is connected to an armature controlled d.c. motor with motor
torque constant Ky and back e.m.f constant K, V/rad/sec. It drives a load of inertia J and
friction f.

Draw the simplified block diagram and hence calculate its transfer function.

6, "'T‘VWV :
g e K T L e

Fig. 4.50 Typical position control system

Constant
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6: = Reference position , 8, = Actual position

E6_ K
Ef(S) - Rf + SLf

T. F of generator

Block diagram can be drawn from the analysis of the different cases discussed.

-> a(s)

8 ° Ikk Ke : K L 1
He) P R+ sl | T sR, | |sd+f
- B '
sKp,
Fig. 4.5%
Neglecting the inductance of armature winding of motor.
K
K_K K T
8s) P R+ sl SR, (sd+ 1) + KKyl
Fig. 4.52
K, K K; Kp L
Gl = ST R s+ H+Ks Kr ] Hs) =1
Let Kr = Kp K K; Kr
Kr
s{Rf +sL¢)[Ra (Js+ )+ Kp Kr]
T.F = K
M IR s+ H+ K Kr T (K, v
6,(8) _ KR

0.(s) s(Rf+sLg)IR, (Js+ D) +Kp Ky ]+Kg

4.18 D.C. Motor Position Control System

0,(s)

In industry to conrol the position of the shaft, a d.c. motor position control system is

commonly used.
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4.18.1 Transfer Function of D.C. Motor Position Control System

Consider the D.C. position control system which is controlling position of the shaft.
Assume that the input and output of the system are the input shaft position and output
shaft position respectively.

Assume following system constants,

r

C

3]
Ky
K,
ea
ep
Ra
La
ia
Ky
K
Jm
bm
Ju
bL

n

Angular displacement of the reference input shaft
Angular displacement of the output shaft
Angular displacement of the d.c. motor shaft used
Gain of potentiometric error detector

Amplifier gain

Applied armature voltage

Back e.m.f.

Armature winding resistance

Armature winding inductance

Armature winding current

Back e.m.f. constant

Motor torque constant

Moment of inertia of motor.

Viscous friction coefficient of motor

Moment of inertia of load

Viscous friction coefficient of load

Gear ratio N;/N:

h

Ry L,

A A WN— T Ny
e,

P a L:) eb 9

. 1
igconstant i

Fig. 4.53 D.C. Motor position control system
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Equations describing above system can be written as follows :

Output shaft position is to be controlled so as to keep that at required position. Qutput
is sensed by angular displacement ‘c’ and compared with input which is r. Error is
amplified by amplifier with gain ‘K;’ and given as input to the d.c. motor which in turn
_ controls the angular position of the shaft of the motor 0° which in turn controls output
position of shaft ‘c’ so as to modify the error.

For potentiometric error detector we can write.

E(s) K; [R(s) - C(s)]

For amplifier
Ea(s) = K, E(s)
For armature controlled d.c. motor

constant so flux ¢ is constant

ig

T = Ki, where K = motor torque constant
ep = 0O
de
= K, &2
Cp b gt
For armature circuit
€, = eb+L.cL +i, Ry

Taking Laplace transforms

Ep(s) = Kp s6(s)
Ea(s) = En(s)+1, (s)[Ra +sL,]
T = KI; (s)

Now torque is utilised to drive load + shaft of motor.
Jeq = Jm+n2JL = Equivalent moment of inertia
beq = bm+n? by = Equivalent frictional coefficient

d26 do

= [Jeq 82 + begs]6(s) Laplace transform
Ia(s) = Il—<U¢q $2 + begs]0 (s)
EaS) = KpsB(s)+ 0 )chs2 +begsl[R, +5L,]
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6(s) _ K

K
S[KKp + La J 52 + 5(La beg + Ry Jeq) + begRa ]

‘L.’ is generally small hence neglected.

K
" s[KKp + SR, Jeq + begRa]
= Km
T s(1+ Ty s)
Km = ———-—-—K = Motor constant
™ = (begRa + KKp) «©
Tm = ——Rf]"q——Mot r time constant
"7 JqRa v KKy
Now C(s) = nb(s)
C(s) _ 0(s)
EGe  EE
Cs) n K,
E.(s) s(1+Tms)
Cls) _ n Kpn, L
K',E(s) = SATT.9) where E, (s} = K, E(s)
n K Kp E(8)
Cs) = s(1+ Ty 5)
n K, Kp Ki [R(s) - C(S)]
Cls) = s+ Tas)
n Kn K Ky _n Km Kp Ky R(s)
Ces) s(1+ T, 5) Cls) $(1+ Ty 5)
e {1+ Ty s)+ n Kp Kp Ky _nKprKl R(s)
= Cls) S+ T 5) T TS0+ Tms)
nKprK1
C(s) _ s(1 + Tms) G(s)
R(s) KK Ki ~ 1+G(s)H(s)
s(1 + Tys)
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Block diagram :
E(s) Ey(s) 68(s)
R(s) K, — Ky % s(1':'?l' 3 - n > C(s)
m
- b
Fig. 4.54

P Example 4.3 :

A d.c. motor drives a pointer which is spring loaded, to return to the

reference position. If Ky = Back e.m.f. constant, Kr = Torque constant K, = Spring constant
and | = Moment of inertia. Find the transfer function.

0 Pointer

Solution :

Va(t)

Taking Laplace,
Va(s)
L1 (s)
Now Tm
and Ep(s)
Ia(s)
and T(s)

(M.U. : Nov.-93, Nov.-94)

Writing the system equations.

dI
I, R, +L, -d—t‘+ Eyp

Ep(s)+1a (s)[Ra +sL,] . (1)
Va(s) — Ep(s)

(R, +sL,) . - @
Kt Ia, Tm = Motor torque v (3)
Ky s8(s) as Ep o %% o (4)
Va(s)- 0(s)

(R, +sL.)

Va(s) — Kes 8(s)
[ -
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This torque is used to drive a pointer with inertia ] and spring load of constant K.
- 1830 k0w
Taking Laplace
Tem(s) = Js20(s)+ K, 8(s) -(6)

Equating (5) and (6)

2 Is20(9)+ K B(s) = Kr ["a‘s)'Kbse(s)]

R, +sL,
Kr Kp 59(5) Kt
2
Js20(s)+ K 0(s) + R +s0) — (R, +sL, )V 2 (s)

. Js2(Ra +sLa)+ K:(Ry +sLa)+ Ky Kis | Kt )
..9(5)[ R, +sLy) W esiy) ®
So transfer function is,

06s) _ K1

Va(s) s2J(R, +sL )+ K (R, +sL)+ Ky K s

68(s) Kr

Va(s) (Ry +8L,)[s2 ]+ KJ+ Ky Kp s

mmd Example 4.4 : A d.c. generator supplies its output to a separately excited d.c. motor. The
field current of the motor is constant. The voltage applied to the field circuit of d.c. generator
is e (t). Write the differential equations of this Ward-Leonard system relating the input ¢y (1)

to the output 0, (1). (Refer to figure shown below) Hence obtain expression for 0 ,, (s).
{M.U.-May-96[PTDC] and April-96[Electricall)

K -
I 9 Generator Motor i; Constant

i N\
; Law Lan,
e'(t) Ram

Ra
Re ° Ky Ky

em
Ward-Leonard system

Solution :  Torque produced by motor,
T = Krla(t) - (1)
Voltage applied to the motor

@
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Back emf is proportional to the angular velocity

Ep(t) = Kp ded“t‘(t) w (3)
Torque produced T is used to drive a load of inertia J and friction B
T = Jd—:-?i'hsd—;'ﬂ - (4)
Equating (1) and (4)
Krl,t = ]%2?2&4_5 d—gt'l
Lo = S0, B D . )

Substituting in equation (2) we can get resultant differential equation 'relating E,(t) and
O m(t).

dl

Now Ef(t) I¢ Rf + Lf -—d-t— - (6)

and Eg(t)

K 1g(0) w )

t
> Substituting I,(t) = Es (1) in equation (6) we can get, equation relating E¢(t) and

Kg
Eg(8).

Substituting this in equation (2) we can obtain the final differential equation relating
E¢(t) and 6 n(t). It is very difficult to obtain in time domain so let us obtain it in Laplace
" domain.

Taking Laplace transform of all the equations

T(s) = Krla(s) )
Eg(s) = I.(s)[Ra +5sLa]+En(s) e (2)
Eb(s) = Kb Sem(s) (3)
T (s) = Om(s)[Js? + Bs] )

Krla(s) = On(s) [Js+B]s
LECTISL) .o
T
Ey(s) = 8m(s) s[Js+ B][Ra +sL,] + Ky $Bunls) - ©

Kr
and Ef(s) = Ig(s)[R¢ +sL¢] w D
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Ez(s) = Kglg(s)
So If(S) = EIE(LS)
E ) = 2 [2 + st (8

Substituting Eg(s) in equation (8) we get

E®) Ky s(Js+B) (R, +sL,
Rssiy] - O m(s) [ K + Kbs]
O m(s) = Kg Kt
Efs)  (Ry+sLy) {s(Rs +sLa.)(Js+B)+sKuKr}
Buls) = Kg Kr E;(s)

(R +sLg) {s[(Ra +sLa)(s+B)+ Ky K1 ]}

4.19 Models of Thermal Systems

4.19.1 Heat Transfer System

Surrounding temp. 6 -
Thermal insuiation
( Water
"_'r———- A
Outlet water ) +— Inlet water
o [ °
6 C LR 6 C
Heater
Fig. 4.55

A thermal system used for heating flow of water is shown below.

Electric heating element is provided in the tank to heat the water. The tank is
insulated to reduce heat to the surroundings.

The necessary simplifying assumptions are :
1)  There is no heat storage in the insulation.

2)  All the water in the tank is perfectly mixed and hence at a uniform temperature.
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D
fl

Inlet water temperature in °C.
0, = Outlet water temperature in °C.
0 = Surrounding temperature.
q = Rate of heat flow from heating element in J/sec.
g; = Rate of heat flow to the water.
q. = Rate of heat flow through tank insulation.

]
I

Thermal capacity in J/°C.
R = Resistance of thermal insulation.

So rate of heat flow for the water in tank is,

de,
q; = C it . (1)

The rate of heat flow from the water to the surrounding atmosphere through
insulation is,

B, -0
Q@ = g V)

As per the heat transfer principles,

q = q; +q. - {3)
Substituting equation (1) and (2)
deo 90 —9
q = C—dt—‘FT e (4)

Neglecting the term 6/R from the equation (4) this is because the variation of water
temperature 8, is over and above ambient temperature 0,
déo, 6,

1= C R

Taking Laplace transform,

0, (s)

Q(s) = CsBo(s)+ R

~ Transfer function is,

0o(s) R
Q(s)  1+sCR

The time constant of the system is RC.
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4.19.2 Thermometer Thermometer

Consider a thermometer placed in a water
bath having temperature 6,, as shown.

6, is the temperature indicated by the
thermometer. The rate of heat flow into the
thermometer through its wall is,

ic_l_ _ ei _90
dt R
Where R = Thermal

resistance of the thermometer wall.

The indicated temperature, rises at a rate of
d0, _ 1 dq
dd ~ Cdt
where C is thermal capacity of the thermometer.

d B o _ 1 . B i- 0 o
dt - C R
Taking Laplace of the equation,

s0,(s) = RLC [0i(s)-04(s)]

0o(s) _ 1
8;(s) 1+sRC

The time constant is RC.

4.20 Actuators

The actuator is a device which receives input signal from the controller and it
produces the input signal to the plant according to control signal so that the output will
approach the reference input signal to reduce the error to zero. Thus an actuator is
generally after the controller and before the plant in the control system. An actuator can be
of two types :

i) Hydraulic actuator 2) Pneumatic actuator '
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4.20.1 Hydraulic Actuator
The structure of an hydraulic actuator is shown in the Fig. 4.57.

Main piston

Main cylinder \ }——> y
Output
‘_ﬁ "E_] displacement

= =

Input E} fma | —
displacement ' = .
I 1 | I I | | 1 I \ Valve cylinder
To sump From high To sump Valve piston
pressure source
Fig. 4.57

They are piston devices in which motion of the spool regulates the oil flow to either
side of the power cylinder. When the spool moves to the right, the high pressure oil enters
the power cylinder to the left of the piston.

The differential pressure produced causes the power piston to move to the right,
pushing the oil infront of it into the sump.

The load coupled rigidly to the piston moves a distance y from its reference position
corresponding to the displacement x of the valve piston from its neutral position. The oil is
pressurised by a pump and is recalculated in the system.

Equation of motion and transfer function
The rate of flow of oil into the piston is proportional to the rate of the movement of
the piston.
dy .
Q=A ot A = area of piston - (1)

If P is the differential pressure across the piston then the force on the piston is AP.
This moves the load of mass M against friction B.

MY, g
AXP = Mit—z-‘fBﬁ w (2)

For small values of the displacement x, if P is the differential pressure on the piston
and Q is the oil flow then,

KP = Kx-Q -3

M d?y Bdy]| _ dy
K [X atz +Kﬁ] = Kix=4A

dt
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Taking Laplace transform,

KM
A

s2Y(s)+ I<’;\Bs\{(s) = Ky X(s)-A Y(s)s

Y(s) [s2 K2 M+ Kz Bs+AZs] =K A X(s)

Y(s) _ KA
X(s) s2KyM+sKaB+AZ2s
K A
Y(s) a K> .

X(s) [ [Ms + (B + él(_:-)]

This transfer function is similar to the electric motors.

4.20.2 Pneumatic Actuator

Pncumatic acting valve is used to Input ’241444444 7
obtain linear displacement of a plunger — /
with pressurised air as input. pressure / 4 _

. s % Spring

The air at pressure P is injected ‘B /
through inlet. Pressurised air pushes the 5/] [/////1[
diaphragm and plunger. The plunger has ‘/ ClLesisd Diaphragm
a mass M and friction on B with spring 7
constant K.

Let A be the area of diaphragm then
transfer function can be obtained as

7
Vorrrzzza | | ezzzzr/

<* Plunger
below. y T ng
Force exerted on the plunger is A x P.
This force is opposed by mass, friction Fig. 4.58
and spring.
d?y dy
AxXP = M — prel + B + Ky

Taking Laplace transform,
A P(s) = Ms2 Y(s)+ Bs Y(s) + KY(s)

Y(s) _ A
P(s) Ms2 +Bs+ K

The advantages of pneumatic systems are fire proof, explosion proof, simplicity and
easy to maintain.
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4.20.3 Comparison between Pneumatic and Hydraulic Systems

Sr.No. Pneumatic systems Hydraulic systems

1. The fluid used is air. The fluid used is oil.

2 Air is compressible. Oil is incompressible.

3. Air does not have lubricating property. Oil acts as a lubricator.

4 The output power is much less compared fo The output power is much higher than
hydraulic. pneumatic.

5. Al low velocities, the accuracy is poor. At all velocities, the accuracy is satisfactory.
No return pipes are required when air is used.| The return pipes are must.

7. Can be operated for the temperature range of | It is sensitive to the temperature changes and
0°Cto 200°C. 1t is insensitive to temperature | the range is 20°C to 70°C.
changes.

8. These are fire proof and explosion proof. These are not fire and explosion proof.

9. Easy from maintenance point of view. Difficuit from maintenance point of view.

Note : The state space method of modeling the systems is separately covered in the
chapter 15.

Examples with Solutions

hmp Example 4.5 : The voltage generated by a d.c. generator is filtered by a low pass filter
consisting Ry and L as shown below. This filtered voltage is controlled by the voltage
applied to the field of generator.
If Ry =40Q, Ly =60H, R, =05Q, Ly=1H, I; =1H, R; =2Q and
generator constant Kg = 120 V / field Amp. Determine the transfer function

Ea(s)
of the system.
1 (s) f the sy (M.U.: Dec.-97)

e5(t)

S
.
Y
0000~
I
'n-—go;-—-
.
Y
Ko

Low pass filter

Constant speed
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Solution : For field circuit, ee() = (D Ry + L dd;!' .. ()
For armature circuit, e,)= i (DR, +i(OR2+ I, -(Li—tz-+ L- 9(—;!2 - {(2)
For generator, e,(t) = K i) - (3)
For output, ea(t) = i2t) R, Y]

Taking Laplace transform of all the equations,

Eq(s) = Ig(s) [Ry +s L] - (5)
Ea(s) = Ia(s)[(Ra + R2)+s(La + L2)] . (6)
Ea(s) = K, Ig(s) w (7)
Ea(s) = I2(s)R, e (8)

Equation (6) and (7),
K Ii(s) = Ia(s) I_(Ra +Ra)+s(L, + Lz)]
Substituting I, (s) from equation (8) and 1¢(s) from equation (5),

. [ Es) 7 Eas)
& [W] = Ry
Substituting 1.(s) from equation (8) and i;(s) from (5),

E2(s) _ Kg Ra
Ei(5)  (Rr+sLy) [(Ra +Ry)+s(Ly +L2)]

[(Ry +Ra)+s(La +L2)]

Substituting the values,

Ex2(s) _ 120 x 2 _ 24
Ei(s) (40+60s)[25+2s)] (1+15s)(1+ 0.8s)

mmp Example 4.6 : A high gain speed control system uses a tachogenerator for speed, sensing.
The tachogenerator produces 5 V per 100 r.p.m. This voltage is compared with reference
voltage to produce error signal. If the reference voltage is set to 10.8 volt. What is the value

of expected speed? (M.U. : Nov.-94)
Solution : The tachogenerator produces 5 V per 100 r.p.m.,
. 5
Its constant is 100 = 0.05 V/r.p.m.
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Now for the expected speed, error should be zero,
ie V; - tachogenerator output = error
Tachogenerator output = V,
Let N be expected speed in r.p.m.
N % 0.05 10.8
N

216 r.p.m. ... Expected speed

mp Example 4.7 : An armature controlled d.c. motor has an armature resistance of 0.37 .
The moment of inertia is 2.5 x 106 kg - m?2. A back emf of 2.09 V is generated per 100
r.p.m. of the motor speed. The torque constant of the motor is 0.2 N-m [A. Determine the
transfer function of the motor relating the motor shaft shift and the input voltage.

(M.U. : Dec.-96)

Solution : The motor can be shown as,

Iy Constant

Load

Now back emf is 2.09 V per 100 r.p.m. , N = 100 r.p.m. is,

® = 2_t1’:_()§ = 10.4719 rad/sec
~Back emf constant Ky = 200 = 0.1995 V/rad /sec
Kr = 02 N-m/A
For armature circuit Va(t) = 1, Ry +Ep .. (1)
Taking Laplace Va(s) = La(s) Ry + Ep(s)
E(® = Ko % )
Taking Laplace Ep(s) = Kps0 (s)

Tm

[}

Kt L.(t) - (3)
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Taking Laplace Ti(s) = Ky [,(s)
This torque drives a load of inertia J.

de

Tlt) = ] a - (4)
Taking Laplace T(s) = Js26(s) .
Kila(s) = Js?6(s)
-6
I.(s) = 2'—5:;—;9—- $28 (s) = 1.25 x10-5 52 0 (s)
V,(s) = 1.25x s2107%0 (s)x0.37 + Kp 50 (s)
Va(s) = 4.625x10°° s2 0(s)+ 0.1995 s6(s)
6(s) _ 1 21621622
Va(s)  4625x10%s2+0.1995s  s(s+43135.135)
. Eas)
i) Example 4.8 : For the system shown below determine Z——.
Eg(s) (M.U. : Dec.-97)
Ry Ra Ly L2
AWV AMN——TTIT
edt) L'% e,(t) R, ext)

Separately excited d.c. generator

Solution :
For field circuit, e () = ig (DR +Lg d-c;tL
For armature circuit, e, () =i2@)Ra+i2(YR2 + L, idlti +La gchtz_
For generator, ea(t) = Kq ig(t)
For output, ex(t) = i2() Rz
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Taking Laplace of all the equations we get,
E¢(s) = 11(s)[R; +s L]
Ea(s) = 12 (s)[(Ra + Ry +s(La +L2)] = K I4(s)
Eax(s) = I2(s) Rz

Hence equating E, (s) equations,
K I1(s) = I2(5) [I2 (s)(Ra + Ry +5(La + La)]
and hence using values of I¢(s) and I5(s) from remaining equations we get,

Eils) _ Ex(s)
Kg [R(-O-SLf] = R, X[(Ra +R2)+d(La+L2)]

Ez(s) _ Kng ’
E((s)  (R¢+sLp) [(Ra + R2)+s(L, +L2))

mmp Example 4.9 : A 50 Hz, 2 phase a.c. servomotor has the following parameters :

Starting torque = 0.186 Nm

Rotor inertia = 1x10-5 kg—m?
Supply wvoltage = 120 V

No load angular velocity = 304 rad/s

Assuming straight line torque-speed characteristics of the motor and zero friction, obtain its
transfer function. (Gate)

Solution : The starting torque is nothing but locked rotor torque.

Locked rotor torque _ 0.186

Kem = Rated voltage =~ 120

1.55x107

Let m be the slope of lincarised torque-speed characteristics.

_ Locked rotor torque  0.186
"~ Noload angularspeed ~ 304

-6.118x10-4

The torque at any angular speed wis given by,

T = Kium En +m% . (1)
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where Eyx = rotor voltage
Taking Laplace, Ti(s) = Kim Ex(s) + m s6 (s) - (2)
This torque is used to drive load of inertia Jm. The friction is given zero.
i
Lo d?<e
P T = JmF - (3)
Tnls) = $%uB(s) . (4)

Equating (2) and (4),
KimEn(s)+ ms0(s) = s2J,0(s)
Kim Ex(s) = s8(s)[s]m-m]
Hence the transfer function of the motor is,

8 _  Km  _ 1.55x10-3
Ex(s)  SSIm-m]  s[I1x10-5 s—(-6.118x10-7)]

0(s) _ 155
Ex(s)  s(s+61.18)

This is the required transfer function.

i) Example 4.10 : A two phase a.c. servomotor having a torque constant of 0.045 NmyjV
controls a position load through a gear ratio of 10:1. The effective moment of inertia and
coefficient of viscous friction referred to load side are 0.25 kg-m* and 1.0 N-m/(radfsec). The
synchro error detector produces an error signal of 0.1V per degree error in misalignment.
Develop the block diagram representation of the control system and there from obtain the

transfer function. (M.U. : May-99)
Solution : For the error detector, K, = 0.1 V/degree error
K = 01x2
n

= 5.7295 V /radian

K = Torque constant

= 0.045 Nm/V
N1
N, ~ 10

JL = 0.25 kg - m? on load side

. Nt 1
Jeq = Motor side = (N_z) XJL = meZS
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2.5x 103 kg-m?

BL = 1 N-m/{(rad/sec)
_ o (N Y 1
Beyq = Motor sxde_(N—z) x By —mxl

0.01 N-m/ (rad/sec)
The block diagram of the system is,

G(s) = K;jxmotorT. F.x&
N2

AC. Ny - 0,
Motor N, .
For motor, Tm = Kim E2
Tw(s) = Kim E2(s) ..{1)
d20 de
and Tm(t) = ch Ez—'l' ch'd—t
T(3) = (52 Jeq+5Beq)B(s) (2
Equating equations (1) and (2),
0(s) Kim 0.045 18

E2(s)  S(sJeq+Beq) S(sx25x109+001) s(s+4)
18 _1 _ 103131

10.3131
0(s) _ s(s+4) 10.3131

8i(s) 1,103131 574454103131
s(s+4)

Mt
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Review Questions
1. Explain the derivation of analogous networks using
i) Force-voltage ii) Force-current analogy
2. Write a short note on direct and inverse analogous networks.
3. Draw the analogous electrical networks based on

a) F - V analogy b) F - I analogy of the following mechanical systems
A ’ '
ez
7 M, E M, — f(t)
4 YOI

Mt
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N S ;s

10.

Distinguish between A.C. servomotor and D.C. servomotor.

Derive transfer function of a.c. servomotor stating the assumption made.

State the applications of a.c. servomotor.

Derive the transfer function of field controlled d.c. servomotor.

Answer the following giving reasons :

a) A.C. servomotor has a smaller diameter and more length.

b) Field controlled D.C. servomotor is preferred than armature controlled.

Develop block diagram for armature controlled D.C. servomotor and find its transfer function.

An armature controlled d.c. motor is supplied in series with a resistance from a
24 V d.c. supply. The motor lakes current of 5A on stalling and the stalling torque being  0.915
N-m. The motor runs at 1000 r.p.m. taking a current of 1 A. The value of | = 4 x10® Kg - m?
and friction constant as 1.5 x 10~ 3 Nm/ (radfsec)

Determine the transfer function of the motor. (Ans.: 2O _ 29 ,
""Vis) T s(1+03s)

11. For the closed loop system shown below, drow the block diagram and  determine
transfer function ©(s) / 0.(s). The given values are Error detector gain X, = 8 V/rad, Amplifier
gain Ka = 10 VA Ry =5Q L =025H, K; =005 Nm/A, Juoor = 0.02 Kg — m2,
Ju =3 Kg - mZ fotor = 0.03 Nmf(rad fsec).
fi, = 5.5 Nm/ (rad/sec)

¢ la Constant

o + 0, R,
T2 = | Ny =10
T- e K
! A Y <:::>—D 6,
A
N, = 100

_0ls) _ 3212 .
(Ans.: 5 = & + 2155 + 3035 + 3212
12. The moment of inertia }., and the cogfficient of viscous friction fo, for a field controlled d.c. motor

are motor respectively 5 x10~% kg - m? and 12.5 x10-4Nm (rad/sec). The motor torque constant
K¢ being 2.5 Nm/A. Determine the transfer function relating the angular speed of the shaft and

the field current. (Ans.: _ln_:((ss_)) - %g_(‘;; )

Mt
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13. Figure given below shows a block diagram of speed regulator system. The accelerating torque is the
difference between the torque developed by the coniroller and load Ty. The controller gain is
0.00102 Nm/rad and the tachogenerator constant is 0.191 V/rad/sec. The load speed is adjusted to
1000 r.p.m. The moment of inertia is | and fricﬁz;n is negligible.
Calculate a) The reference voltage. b) The speed if a constant load torgue of 0.001 Nm is
suddenly applied. (Ans.: a)20V b) 951 rp.m)
To(s)
V(s) + T(s) Tals) 1
,( | KT < e A‘ T (D(s)
S
K.g
14. An instrument servo consisting of motor, spring loaded shaft, etc is shown below
= + E K
R=1rad Ky v M ) 3
- 0
Where  V = Voltage in volts
R = Motor resistance 1 Q
L = Motor inductance 0.1 H
Ka = Amplifier gain = 10 V/V
K = Spring constant = 0.001 Nm/rad
Ky = Back e.m.f. constant = 0.01 V (rad/sec)
Kt = Torque content = 0.01 N-m/A
] = Moment of inertia = 0.005 N-m-s?
If the input is 1 radians, what s the steady state error? (Ans.: oy = . ") )
T Ky 101
[' R R)]

Mt
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15. The positions servomechanism is shown in figure below. ©, is reference position and 6. actual

angular displacement of shaft in radians. Obtain is clsed loop transfer function £)

1+

e Amp.

€a
»,
|y constant { I

Given © = anguler displacement of the motor shaft
K¢ = gain f error detector = 7.64 V/rad
R, = 20, L, = negligible
Ky = 55x%102 V/rad/sec
Kr = 6x10° Nm/A
Jm = Ix10°% Kg-m?
fn = negligible
Ju = 44x103 Kg-m?
fi = 4x102 Nm/ (rad/sec)

N = 1
N = 10

6.(s) 423

Ans. : P )
( T O(s) s +7.7s8+423

16. Derive the transfer function of a typical d.c. position control system.
17. Derive the transfer function of a typical d.c. speed control system.

18. Obtain the mathematical model of heat transfer system.

19. Obtain the mathematical model of thermometer.

20. What is actuator ? Explain hydraulic and pneumatic actuator systems.
21. Compare hydraulic and prneumatic actuators.

Qo



Block Diagram Representation

5.1 Background

If a given system is complicated, it is very difficult to analyse it as a whole. With the
help of transfer function approach, we can find transfer function of each and every
element of the complicated system. And by showing connection between the elements,
complete system can be splitted into different blocks and can be analysed conveniently.
This is the basic concept of block diagram representation.

Basically block diagram is a pictorial representation of the given system. It is very
simple way of representing the given complicated practical system. In block diagram, the
interconnection of system components to form a system can be conveniently shown by the
blocks arranged in proper sequence. It explains the cause and effect relationship existing
between input and output of the system, through the blocks.

To draw the block diagram of a practical system, each clement of practical system is
represented by a block. The block is called functional block. It means, block explains
mathematical operation on the input by the element to produce the corresponding output.
The actual mathematical function is indicated by inserting corresponding transfer function
of the element inside the block.

Key Point: For a closed loop systems, the function of comparing the different signals is
indicated by the summing point while a point from which signal is taken for the feedback
purpose is indicated by takeoff point in block diagrams.

All these summing points, blocks and takeoff points then must be connected exactly as
per actual elements connected in the practical system. The connection between the blocks
is shown by lines called branches of the block diagram. An arrow is associated with each
and every branch which indicates the direction of flow of signal along the branch.

Key Point: The signal can travel along the direction of an arrow only.

It cannot pass against the direction of an arrow. Hence block diagram is an unilateral
property of the system.

(5-1)
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In short any block diagram has following five basic elements associated with it :
1) Blocks 2) Transfer functions of elements shown inside the blocks.
3) Summing points 4) Takeoff points 5) Arrows.

5.1.1 IHustrating Concept of Block Diagram Representation

@ Controller

Float

Pneumatic
valve

—F

Fig. 5.1 Liquid level control system

For example : Consider the liquid level system as shown in the Fig. 5.1. So to
represent this by block diagram, identify the elements which are,
i) Controller (ii) Pneumatic valve (iii) Tank (iv) Float.

In this system, the level of water is sensed by the float. Hence the float position acts as
the feedback. According to the float position, with respect to desired level of water, the
controller operates the pneumatic valve controlling the flow of water in the tank. When the
required level is reached, controller operates the pneumatic valve in such a way that the
flow of water in the tank, stops. If the output from the tank is taken i.e. the water from
the tank is drained then the float position changes from the desired position and
accordingly the controller operates the pneumatic valve to start the flow of water in the
tank.

Hence indicating all the elements by blocks, the block diagram of the system can be
developed as shown in the Fig. 5.2.

Forward path

e ? Take off point
Desired* v Actual
level Pneumatic JActua
Controller ——“> valve ﬂ—-v Tank level
Summing
point b
. Float .
position . Feedback path
£ > . o |
|

Fig. 5.2 Block diagram of liquid level control
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Consider another example of bottle filling mechanism. When bottle gets filled by the

contents upto the required level it should get replaced by an empty bottle. This system can
be made closed loop and hence can be as shown in the Fig. 5.3.

Valve controlling
signal

----- Valve

4 | keeaaa

— controlier =222

L
Beit

driving | i % R
Jmechanism]

| Weight Conveyor
sensor  belt

Fig. 5.3 Automatic bottle filling mechanism

In the system shown, conveyor belt is driven by the controller as well as valve
position is also controlled by the controller.

When empty bottle comes at the specific position, weight sensor senses the weight and
gives signal to controller. Controller stops conveyor movement and opens the valve so
bottle starts getting filled. When required level is achieved, again weight sensor sensing
the proper weight sends a signal to controller which sends signals to start movement of
belt and also closing the valve position with proper time delay till next empty bottle
comes at the proper position.

This system can be represented by a block diagram as shown in the Fig. 5.4.

Position of valve
Comparator at thertank
N Filled bottle
Controller [~ " "

Weight ]
signal -

Belt driving

mechanism Feedback

B Weight |
sensor

Fig. 5.4 Block diagram
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5.1.2 Advantages of Block Diagram

The various advantages of block diagram representation are,
1) Very simple to construct the block diagram for complicated systems.

2) The function of individual element can be visualised from block diagram.

3) Individual as well as overall performance of the system can be studied by using
transfer functions shown in the block diagram.

4) Overall closed loop T.F. can be easily calculated by using block diagram reduction
rules.

5.1.3 Disadvantages

The various disadvantages of block diagram representation are,
1) Block diagram does not include any information about the physical construction of
the system.

2) Source of energy is generally not shown in the block diagram. So number of
different block diagrams can be drawn depending upon the point of view of
analysis. So block diagram for given system is not unique.

5.2 Simple or Canonical Form of Closed Loop System

Key Point: A block diagram in which, forward path contains only one block, feedback path
contains only one block, one summing point and one takeoff point represents simple or
canonical form of a closed loop system.

This can be achieved by using
block diagram reduction rules
without disturbing output of the
system. This form is very useful as its
closed loop transfer function can be
easily calculated by using standard 'LH(S)
result. This result is derived in this
section.

The simple form can be as shown Fig. 6.5
in the Fig. 5.5.

where , R(s)

R(s) E(s)

G(s) C(s)

— Laplace of reference input r(t)

C(s) — Laplace of controlled output c(t)

E(s) —

B(s) — Laplace of feedback signal b(t)

G(s). — Equivalent forward path transfer function
H(s) - Equivalent feedback path transfer function.

Laplace of error signal e(t)
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Key Point: G(s) and H(s) can be obtained by reducing complicated block diagram by using
block diagram reduction rules.

§.2.1 Derivation of T.F. of Simple Closed Loop System
Referring to the Fig. 5.5, we can write following equations as,

E(s) = R(s) ¥ B(s) .. (1)
B(s) = C(s)H(s) - (2)
C(s) = E(s)G(s) w (3)

B(s) = C(s)H(s) and substituting in equation (1)
E(s) = R(s) ¥ C(s)H(s)

C
E(s) = %
C(s)
CE = R(s) ¥ C(s)H(s)

C(s) = R(s)G(s) F C(s)G(s)H(s)
=~ C(s) [1 £G(s)H(s)] = R(s) G(s)

C(s) G(s)
R(s) ~ 1+xG(s)H(s)

Use + sign for negative feedback and use - sign for positive feedback.
This can be represented as shown in the Fig. 5.6.

&(s) e
Ris) | TscEne) > Cls)

Closed Loop T.F.

Fig. 5.6
Key Point: This can be used as a standard result to eliminate such simple loops in a
complicafed system reduction procedure.

5.3 Rules for Block Diagram Reduction

Any complicated system if brought into its simple form as shown in the Fig. 5.5, its
T.F. can be calculated by using the result derived eariler. To bring it into simple form it is
necessary to reduce the block diagram but using proper logic such that output of that
system and the value of any feedback signal should not get disturbed. This can be
achieved by using following mathematical rules while block diagram reduction.
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Rule 1: Associative law : Consider two summing points as shown in the Fig. 5.7.

+R1

ST

Fig. 5.7

Now change the position of two summing points. Qutput remains same.

So associative law holds good for +
summing points which are directly R
connected to each other (i.e. there is no
intermediate block between two summing
points or there is no takeoff point in
between the summing points).

Ry *+Ry Ry +R3-R,

Fig. 5.8

Consider summing points with a block in between as shown in the Fig. 5.9.

Ry * (R =Ry) Gy + Ry

Now interchange two
summing points. R, + (Ry + R3) G, -

Now the output does not
remain same. + -

Key Point: So associative law Ry R,
is applicable to summing points

which are directly connected to Fig. 5.10
each other.

Rule 2 : For blocks in series :

The transfer functions of the blocks which are connected in series get multiplied with
each other.
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Consider systém as shown in the Fig. 5.11.

R(s)G;  R(s)G,G,

R(s) a l : l oS

Fig. 5.11
C(s) = RE) [G1G2Ga]

So instead of three different blocks, only one block with T.F. [G; G2G 2] can be used
as shown in the Fig. 5.12.

" R(s) C(s)

——+—1 G,G,G3 |—m—

Fig. 5.12

Output in both cases is same.

Key Point: If there is a takeoff or a summing point in between the blocks the blocks cannot
be said to be in series.

Consider the combination of the blocks as shown in the Fig. 5.13.

Takeoff point /_\/.\
et e
Fig. 5.13

Key Point: In this combination GG are in series and can be combined as G G2 but G3
is now not in series with G1G2 as there is takeoff point in between.

To call G3 to be in series with G;G2 it is necessary to shift the takeoff point before
G1G: or after G3. The rules for such shifting are discussed later.

Rule 3 : For blocks in parallel :

The transfer functions of the blocks which are connected in parallel get added
algebraically (considering the sign).

Consider system as shown in the Fig. 5.14.



Control System Engineering 5-8 Block Diagram Representation

/R(s) G,

RE), Cs)
R(s) Gy
Fig. 5.14
C(s) = ~R(s) Gy +R(s) G2+ R(s) G
= R@) [G2+G3-G]
Now replace three blocks with only one R(s) C(s)
block with T.F. G2 + G3 -G, (Fig. 5.15) ——]| G2*G3-G,

C(s) = R(s) [G2+G3-Gi] Fig. 5.15

Output is same. So blocks which are in parallel get added algebraically.

Identify the blocks in parallel correctly. The confusing cases are discussed here. Let
there exists a takeoff point as shown in the Fig. 5.16 along with blocks G;, G2 which
appear to be in parallel.

Shift Takeoff point

Fig. 5.16

Key Point: But unless and until this takeoff point is shifted before the block, blocks cannot be
said to be in parallel.

Shifting of takeoff point is discussed next. Secondly shifting a takeoff point after a
summing point needs some adjustments to keep output same. In above case the takeoff
point cannot be shown after summing point without any alteration. This type of shifting is
discussed as critical rules later as such shifting makes the block diagram complicated and
should be avoided as far as possible.
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G, G,
Not valid
+ +
> Gy | +\‘ * Gy -
1 (a) Avoid such shifting {b) Without any alteration
_.. as far as possible Fig. 5.17 such shifting is invalid

Similarly consider a configuraion as shown in the Fig. 5.18.

This combination is not the parallel
combination of G; and H;.
Key Point: For a parallel combination

the direction of signals through the blocks
in parallel must be same. -

In this case direction of signal through Hy
G, and H; is opposite Such a
combination is called minor feedback
loop and reduction rule for this is Fig. 5.18
discussed later.

G » C(s) = RG+y

y
Fig. 5.19
Rule 4 : Shifting a summing point behind the block :
Cs) = RG+y
Now we have to shift summing point behind the block.
Key Point: The output must remain same, while shifting a summing point.

R+x T~ ~

Fig. 5.20
R +x)G = C(s)
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RG+xG = RG+y

xG = ¥y

1
X = é so signal y must be multiplied with & to keep output same.

y
R+G

¢ |

C(s)=RG +y

+

1G "

|y

Fig. 5.21

Thus while shifting a summing point behind the block i.e. before the block, add a
block having T.F. as reciprocal of the T.F. of the block before which summing point is to
be shifted, in series with all the signals at that summing point.

Rule 5 : Shifting a summing point beyond the block :

Consider the combination shown in the Fig. 5.22.

R+y

R G "—’
C=(R+y)G

Fig. 5.22

Now to shift summing point after the block keeping output same, consider the shifted
summing point without any change.

Fig. 5.23

RG + x

RG + yG
x = yG

i.e. signal y must get multiplied with T.F. of the block beyond which summing point is
to be shifted.
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ek

Fig. 5.24

Thus while shifting a summing point after a block, add a block having T.F. same as
that of block after which summing point is to be shifted, in series with all the signals at
that summing point.

Rule 6 : Shifting a takeoff point behind the block :

Consider the combination shown in the Fig. 5.25.

R I RG
— S

Fig. 5.25

C = RG

y = RG
Key Point: To shift takeoff point behind the block value of signal takingoff must remain -
same.

Though shifting of takeoff point without any change does not affect output directly,
the value of feedback signal which is changed affects the output indirectly which must be
kept same. But without any change it is just R as shown in the Fig. 5.26.

R KN
> G C=RG

Fig. 5.26

But it must be equal to RG. So a block with T.F. G must be introduced in series with
signal takingoff after the block.

Thus while shifting a takeoff point behind the block, add a block having T.F. same as
that of the block behind which takeoff point is to be shifted, in series with all the signals
takingoff from that takeoff point.
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R

> G C=RG

y=RG

Fig. 5.27

Rule 7 : Shifting a takeoff point beyond the block :
Consider the combination shown in the Fig. 5.28.

-—-———

R ',’ \\\
r
¢ G C=RG
R > G +* C=RG
|] G

—» y= R -

1 y =RG L R
Fig. 5.28 Fig. 5.29

To shift takeoff point beyond the block, value of ‘y’ must remnain same. To keep value
of ‘y’ constant it must be multiplied by ‘1/G'.
While shifting a takeoff point beyond the block, add a block in series with all the

signals which are takingoff from that point, having T.F. as reciprocal of the T.F. of the
block beyond which takeoff point is to be shifted.

Rule 8 : Removing minor feedback loop :

This includes the removal of internal simple forms of the loops by using standard
result derived earlier in section 5.2.

Key Point: After eliminating such a minor loop if summing point carries only one signal
input and one signal output, it should be removed from the block diagram to avoid further
confusion.

c(s) R(s) G'(s) C’(s)
——a —»
12G'(s) H(s)
Fig. 5.30
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Rule 9 : For multiple input system use superposition theorem :

R‘I
R, >
System C
R, .
Fig. 5.31

Consider only one input at a time treating all other as zero.
Consider R,, Ry = R3 = cerveeeeaes Ry, =0 and find output G,.
Then consider R, R; = Rz = cveueee. R, =0 and find output C,.

At the end when all inputs are covered, take algebraic sum of all the outputs.
Total output C=C+Cy +.......... Ca

Same logic can be extended to find the outputs if system is multiple input multiple
output type. Separate ratio of each output with each input is to be calculated, assuming all
other inputs and outputs zero. Then such components of outputs can be added to get
resultant outputs of the system. In very few cases, it is not possible to reduce the block
diagram to its simple form by use of above discussed nine rules. In such case there is a
requirement to shift a summing point before or after a takeoff point to solve the problem.
These rules are discussed below but reader should avoid to use these rules unless and
until it is the requirement of the problem. Use of these rules in simple problems may
complicate the block diagram.

5.3.1 Critical Rules

Rule 10 : Shifting takeoff point after a summing point. Consider a situation as show
in Fig. 5.32.

_____
-

x =R,

Fig. 5.32 Fig. 5.33

Now after shifting the takeoff point, let signal takingoff be ‘z’ as shown in the
Fig. 5.33.

Now z = Rty
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But we want feedback signal as x = Ry only.

So signal ‘y’ must be inverted and added to C; to keep feedback signal value same.
And to add the signal, summing point must be introduced in series with takeoff signal. So
modified configuration becomes as shown in the Fig. 5.34.

R4

x=R,

Fig. 5.34

Rule 11 : Shifting takeoff point before a summing point :
Consider a situation as shown in the Fig. 5.35.

-
- -

Fig. 5.35

Now after shifting the takeoff point, let signal takingoff be ‘2z’ as shown in the
Fig. 5.36.

Now z = R; only because nothing is changed.

R,
[ y
z= R1

Fig. 5.36

> C=R, &y

I+

But we want feedback signal x which is Ry + y. Hence to z, signal 'y’ must be added
with same sign as it is present at summing point, which can be achieved by using
summing point in series with takeoff signal as shown in the Fig. 5.37.
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» C=R,ry

x=R,ty

Fig. 5.37

Thus it can be noticed that shifting of takeoff point before or after a summing point
adds an additional summing point in the block diagram and this complicates the block
diagram. No doubt, in some rare cases, it is not possible to reduce the block diagram
without such shifting of takeoff point before or after a summing point. Apart from such
cases, do not use such shifting, which will complicate the simple block diagrams.

Key Point: Do not use these rules urless and until problem really needs them.

5.3.2 Converting Nonunity Feedback to Unity Feedback

Consider a nonunity feedback system,
shown in the Fig. 5.38.

It is minor feedback loop and hence, R —C
C G -
R=tvea O
H

It is to be converted to unity feedback
system. But the denominator of closed loop
transfer function must remain same as Fig. 5.38 Nonunity feedback system
before.

C 4
E = 1—.'.? with umty feedback ie. H=1
1+4G' = 1+GH ie.G’'=GH
C GH
Thus, R © 1+GH ~@

1
But transfer function must remain same hence it is necessary to introduce block of

in series with R. Thus converted unity feedback system is as shown in the Fig. 5.39.
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GI
R__I1 ~
T GH c
" Unity feedback

Fig. 5.39 Equivalent unity feedback system

C 1 GH G
ﬁ = ﬁXm:m ...same as before

5§.3.3 Procedure to Solve Block Diagram Reduction Problems

Step 1 : Reduce the blocks connected in series.
Step 2 : Reduce the blocks connected in parallel.
Step 3 : Reduce the minor internal feedback loops.

Step 4 : As far as possible try to shift takeoff points towards right and summing
points to the left. Unless and until it is the requirement of problem do not
use rule 10 and 11.

Step 5 : Repeat steps 1 to 4 till simple form is obtained.

Step 6 : Using standard T.F. of simple closed loop system, obtain the closed loop T.F.

Cis)
Rs) of the overall system.

P Example 5.1 : Determine the transfer function C(s)/ R(s) of the system shown in the
Fig. 5.40.

R + + +

o] +

Fig. 5.40



Control System Engineering 5-17 Block Diagram Representation

Solution :  The blocks G2 and G3 are in parallel so combining them as (G2+G3) we
get,

Blocks in series

s

Blocks in series

R G,Gs -—-{ G, + Gg}, C
1-G, G, H, _

LMz |

Gy G4 (G, + Gy)

I H |
12
Feedback loop

G1.G.1 (Gz+G3)
C(s) _ 1—G1 G4 Hl
R(s) ~ G G4 (G2+G3)Ha
1+ 1-G; G4 H;
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C(s) G1 G4 (G2+G3) . Ans,
R(s) ~ 1-G; G4 H1+G G4 (G2+G3) Hz

5.4 Analysis of Multiple Input Multiple Output Systems

In these problems, the law of superposition is to be used, considering each input
separately. While assuming the other inputs as zero, most of the times if only input is
applied to the summing point, summing point is to be removed if not necessary.

Y(s) Key Point: While removing summing point if sign
of the signal present, at that summing point which is
. R R to be removed is negative then it must be carried
R(s) G, forward in the further analysis.

This can be achieved by introducing a block
of transfer function -1 in series with that
x signal. This is the important step to be
remembered while solving problems on
multiple input multiple output systems.

Fig. 5.41

e.g. consider a part of system showing two
inputs R(s) and Y(s). R(s) p
Other details are not shown for simplicity. i
When R(s) is considered alone, Y(s) must be
assumed zero and summing point at Y(s) can be
removed as with Y(s) = 0 there remains only a
single signal present at that point so system i
gets modified as shown in the Fig. 5.42. Fig. 5.42

Now sign of signal from block G; is positive at the summing point which is
removed, hence there is no need of adding any other block.

Now when R(s) = 0 with Y(s) active, the summing point at R(s) also can be removed.
But now sign of the signal ‘x’ at that summing point is negative which must be
considered and carried forward for further analysis. This is possible by adding a block of
-1 in series with x without altering any other sign. This avoids the confusion and problem
can be solved without any error.

Block of -1° Y(s)

+

-1 G, |

X

Fig. 5.43



Control System Engineering 5-19 Block Diagram Representation

mp Example 5.2 : Using block diagram reduction technique find the transfer function from
each input to the output C for the system shown in the Fig. 5.44.

X(s) G,y
R(s) . c
Hy
Fig. 5.44
Solution : With X(s) = 0, block diagram reduces as,
Minor loop Minor loop
| H ]
| W
Senes blocks

R(s) G, E Gs Cis)
1+ Gz 1+ Gs H5

Gy G; Gs

+G, ) (1 +GgHg)
Ris) @ G, G; Gs — Ris) (1+ G, s
@ > (1 +Gz 1+ G5 Hs) C(s) - @— Gz G3 Gs — Cls)

AMTEY R TIRY AN

~ -’

T ——

Minor loop Senes blocks

Fig. 5.44(a)
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C(s) _ G1G2G3Gs
R(s) T 1+G, +GsH5 +G2G5H5 +G2G3aGs

With R(s) = 0, G, vanishes but minus sign at summing point must be considered by
introducing block of - 1, as shown.

Note this block

Minor loop
;1 A g )
. &
A,
Fig. 5.44(b)
Series blocks . X(s)
G G
1+G, 1+GgH;
Fig. 5.44(c)
Rearranging the input - output we get,
. , Gy
X(s) Gy ' cts) 1+ GgHs
1+GgHg Gs -G,G,
1‘(1 +G5H5)"( 1+ G, )
= GG,
1+G,
Minor loop

Fig. 5.44(d)
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C(s) G4Gs(1+Gy)
X(s) = 1+C5H5 +C2 +CzG5H§ +GzG3G5

5.5 Block Diagram from System Equations

The block diagram can be constructed from the set of equations representing the
system. The addition and subtraction of the various terms is represented by the summing
points while multiplication factors are represented by the blocks of the respective
transfer functions.

Consider an equation,

The corresponding block diagram has blocks
of transfer functions 4 and 5 along with a
summing point to represent the subtraction. It is
oV as shown in the Fig. 5.45.

Fig. 5.45

The signals V, and V, are taken from their generating points and available V, can be
used further for generating other variables and output.

Combining the block diagrams of all the system equations, the complete block diagram
representations of the system can be obtained.

Key Point: The block diagrams of electrical systems can be easily obtained by this method.
As methods of writing equations for electrical system may vary, the block diagram is not
" unique for the electrical systems.

mp Example 5.3 : Obtain the block diagram for the given electrical network.

R, Ry
r—o—/vW\, A o, +
v.it) R, R4§ vcl(t)
Fig. 5.46

Solution : Convert the given network into Laplace domain and assume the currents as
shown in the Fig. 5.46(a).
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The KVL equations for the two loops are,

-LR -LIRa +I3R2 +V;

~[aR3~1aR4 IR +1 R,

And

Vo

Vv, 1
Ri*R;

0

=0

= bRy
The block diagrams for the three equations are,

+;
Iy
-

R,
Ry+R,

Equation (1)

Fig. 5.46(a)
) 1 Rj
. R, =
ie L= ll[mj «(2)

I R,

1 .
. R2+R3+Rd l2 m Vo

Equation (2) Equation (3)

Fig. 5.46(h)

Thus the overall block diagramr is as shown in the Fig. 5.46(c).

V{s)
——f

-1 _
R*R,

W [ R b e
R +R3+R, lﬁl Vols)
*
Ry
R+R,
Fig. 5.46(c)
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If the equations are written with different method, the different block diagram can be
obtained but the transfer function of the system remains same. For the above network we
can write equations as,

Vi 1 +
Vi-V, V; V | R | "
i~ Va i x
L e
(
—1——>-—— R2 v Vx
Vi = (I; -12)R2 =I;R2 —I5R, —> )
V, 1 + :
V=V, Vi V, R ‘
x = Vo x o -
k=R, "R Rs = 1
R Vo
I
o=LR > Ry Vo
The overall block diagram is shown in the Fig. 5.46(d).
Vils) + V, 1 Y I
- | g - Ry |—e—=V (s)
/T R2 -
] 1

Fig. 5.46(d)
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Examples with Solutions

nmp Example 5.4 : Reduce the block diagram and obtam its closed loop T.F. C(s)/R(s).

1
R - C
) G, G, .(S)

H, - L— H,

Solution : No blocks are connected in series or parallel. Blocks having transfer funclions
G2 and Hz form minor feedback loop so climinating that loop we get,

R(s) - G, Cis)

1+GyH, /)'
\ _

.\"‘--..__.-.-'"-
H 1

Key Point: Always try to shift takeoff point towards right ie. output side and summing
point towards left i.e. input side.

So shift takeoff point after G, to the right. While doing so, it is necessary to add a
block having T.F. equal to reciprocal of the T.F. of the block after which takeoff point is to
be shifted, in series with signal at that takeoff point. So in series with H; we get a block of

1 H
1/ (l +g sz ]i.e +gz 2 after shifting takeoff point.

R(s) - C(s)
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GG,
Minor feedback loop
- ' Gy G,
R(s) 1+G,H, C(s)
R(s) -1 60, | Cis) G, G,
| T+G, H, I * - | TG,
H{(1+ G, H)) Hy (1+G,yHy)
G, G,

——

Minor feedback .
loop

Gy G,

R(s) 1+G,H,+G, G, Cls)

i G, G, H, (1+G,yH,)
(1+GzH2+G1 Gz) Gz

Simplifying, Cs) G G2
R(S) - 1+G] G2+Gz H2+G1 H, +G] G2 H, Hg

imp Example 5.5 : Reduce the block diagram to its simple form and hence obtain C(s)}/R(s).

G,

R(s) C(s)
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Solution :  The blocks G4 and H,; form minor feedback loop,

Gs
+
R(s) 3 ,//G_\ ™ G, C(s)
! 2 1+ G, H, !
H,
Shifting takeoff point as shown ,
Gy
|
R(s) A + G4 Cis)
G i i 1+ G, H, "
B - B8
H,

The signal from takeoff point A reaching to summing point B is without any block i.e.
gain of that branch joining A to B is one. So introduce block of T.F. ‘1’ in between A and B
to avoid further confusion as shown below.

Blocks in parallel

Minor feedback loop G,

+ G, C(s)
14+ G4H,
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M After simplification

," , Gz + G3
R(s) G, G, 1e G, G, Cis) G,
1+G,G,H, G, 1+ G H,
G, G4(G,+ G3) C(s)
1+G,G,H,)(1+G,H -
( 1G2H ( ath) Minor
feedback
leop
Gy G,4(G, + G,)
R(s) (1+G;G,H,)(1+G,H,) C(s)
. — >
G, G4 (G, + G3)

1+

(1+G,GyHy)(1+G,4Hy)

C(s)

G1 G4 (G2+Gy)

R(S) - 1+G1 Gz H2+G4 H|+G1 Gz G4 H; H2+G1 G.; (Gz +G3)

mmp Example 5.6 : Reduce the block diagram using reduction rules and obtain C(s)/R(s).

R(s)

C(s)
—>

Solution : Block with T.F. G3 and unity gain block are in -parallel so combining them we

get,

R(s)

Minor feedback loop

C(s)
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R(s G -] C(s
(s) e, 2 1+ G, (s)

Shifting takeoff point,

Blocks in series
A
(- D
B Te S, 1+6G N iy
1 1+G, 3
- Y
H y 1
1 —_
1+G,
+
H,
Blocks in parallel
R(s) G, {1+Gy) C(s)
———ry G1 —
(1+Gy)
1
H, H,+
2°1+G,
Hz + H2G3 +1
1+ Gy
R(s) Gy (1 +Gy) C(s)
—1 G, . 176y - >
- Minor
feedback
loop
(1+Gy)
Gy (1+Gjy)
R(s) (1+Gy) C(s)
- G1 Iy

44 Mz +H, G+ (14 G G
+
(1+G,)(1+Gy)




Control System Engineering 5-29 Block Diagram Representation

G, (1+Gy) Cls)

R(s)

——1 G, |
1+Gy+ Hy (Hy + Hy Gg+ 1) (Gy)

C(s) G1 G2(1+G3)
Ris) = 1+G2+H,; G, +H H,G2+H H; G2 G3

=y Example 5.7 : Obtain C(s)/R(s) using block diagram reduction rules.

C(s)

R(s)
G, G, G

Hy H, H,

Solution : Separating out the feedbacks at different summing points we can rearrange

the above block diagram as below.
RS A g1 AA g1 AA g1
‘ 1 ‘ 2 ‘ 3

- of

3 ' .. Minor
T n . feedback
I L loop
H,
H3 H2 H,
C ~ )
Blocks in series
R(s G C(s)
(s) G, G, 3 .
1+ GgHH,
H,
HyHyH,
R(s) ps G,G3 Cis)
! | 14 G,HH,
- - Minor
fee Iback
H, . loop

| H,H,H,
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G,Gy
1+ GzH,H, + G,G3H,
. »
G,G3
R(s) p 1+G3HiH, C(s)
| 1 —
G,G
- 1+ 273 . H1
1+ GzHyH,
| H,H,H,
R(s) G4G,G, C(s)
[ 1+ G3H,H, + G,G3H,
Minor
feedback
H,HHg |— © loop
Gy G; Gy
R(S) 1+ G4 H, Hy + G,G, H, ces)
R ———
1+ TG, H, i+ G051,
C(s) G; G2 G3

Rs) = 1+Gs H  H;+G2G3 H1+G; G2 Gs Hy H; Hs

nmp Example 5.8 : Use of Rule No. 10, critical rule illustration. Reduce the block diagram

. Cls)
and obtain RG)

Ga
+
N QT T o
Hy
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Solution : Shifting takeoff point before G.

R(s) (e~ . Cls)

M
I
N

Shifing takeoff point before summing point using critical rule No. 10,

R(s) C(s)
' H.
H,G, l— 2

Separating the paths in the feedback path shown dotted,

Minor G
feedback loop e
TN+
R(s " C(s)
- ] -
H;G; . H,
=HHG,

Key Polint: Remember that though the paths through summing point are separated, signs at
the summing points to those paths must be carried as it is.

Hence after H,, carry the negative sign and then H; G2 to get - H; Hz Ga.
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Shifting summing point as shown and then interchanging the two summing points

o)

C(s)

using Associative law we get,
Blocks in parallel
Gy
/ - Minor feedback loop
R(s) G, o
1+H,6,G,
4 Hz H
~ H1H2G2 ERE Y L L.
R(s) G,
1+ H,G,G,
- H{HG,
R(s) G1 (G2 + Gs) C(S)
(14 G,Hp) (1 + H,G,G,) -
—HyH G,
G1 (G2 +Ga)
C(s) (1+G2H2) 1+ H)G G3)
RE) ~ | Gi(G2+G3)(-HiH)G))
T(1+G2H2)(1+ HiGi1G2)
C(s) G1(G2 + Ga)

R(s) = 1+ GsH; + H1G1G2-G;G2GH H;
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) Example 5.9 : Obtain the expression for C; and C; for the given multiple input multiple
output system.

R, G, * ¢

> - J_T

Rz Gz > > Cz

Solution : In this case there are two inputs and two outputs. Consider one input at a
time assuming other zero and one output at a time. Consider R, acting, R; = 0 and C;
not considered Rz = 0 and C; is suppressed (not considered). C; suppressed does not
mean that C; = 0. Only it is not the focus of interest while C, is considered. As Rz=0,
summing point at R, can be removed but block of -1' must be introduced in series with
the signal which is shown negative at that summing point.

ety Forward path

R, G, »C, Minor

loop

- L § .
Gs Ry Gy Gy
] . . > }
1 Feedback
-1 > Gz > Palh
C1 Gy Gy

Ry = 1+[Gi]FG2G3G4]1 T 1-G, G2 G5 G,

C
For -ﬁ, assume C; suppressed.
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R1 | G1
Forword + G; | = G1G3G; —4— C,
path ¢ ] -
X G, % ] Gy |5
-1 > G, > -+C, Minor loop
Cy =G1G3Gy  -Gi1G2G;
Ry ~1+[FG1G3G2]IG4] T 1-G1 G2 G3 Gy
G ]
For Ry Ri= 0 and C; is suppressed.
-1 G, Cy
Feedback o
"'I wr o Y
F:;\::‘ord G3 i pa RZ‘?‘ - G1 G264 l—{ ’;—’ C‘
> Gy - : G, — —
R, G, Minor loop
C] —Gl Gz G4 "GI Gz G-I

Rz “ 1+FG1 G2 G4][G3l “1-G1 G2 G Gy

C .
For 1—%, R; = 0 and C; is suppressed.

-1 G,
5 R, 51 G ,, h C
[ Feedback = N <ol
o «--- - path 3 -G,G,3Gy
. 5 .c, Minor loop

Forward path

C2 G2 G,

R - 1+[G2]FG1 G3G3] " 1-G1 G2 G3 Gy
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ymp Example 5.10 : Determine the transfer function C(s)/R(s) of the system shown below by

block diagram reduction method. (M.U. : Nov.-94, Dec.-98)
Hy
+ Y @ +
H, H,

Solution : Shifting summing point before G, and takeoff point after G, we get,

Exchanging summing points and takeoff points using associative law and combining
series blocks we get,

I G.G,
R ‘_ ’17\ IG,GZ.I- o % |Gae,,| c

.-
AN /

Minor feedback loops
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Eliminating minor feedback loops we get,

Hy
G,G,
R > | GG, G;G, P
1+G,GH, 1+G;G,H,
[ S » )
V'
Series blocks
[ Gi1G2 [ GaGe 1]
C(s) 11+G:G2H, J|1+G3G,H2 J

R(s) = +[ GiG2 [ GaGa 1 Ha]
1 1+G,G2H, J11+G3G:H: L GG,

_ Gi1G2GaGy
= (1+G;G2H)) 1+G 3G H2)+G2G3H;

Cs) G1G2G1Gy
R(s) = 1+GG2H1 + G3GsH2 +Gi1G2G3GsHiH2 + G2GsH;

nmp Example 5.11 : Obtain the closed loop transfer function.

G;
f 3
S + C(s
R | 5 < o
ol d I
Hg
H1

Solution :  No blocks are in series or parallel so shifting summing point towards left i.e.
before the block having transfer function G; as shown in Figure.
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R(s + G C(s
(s) G, 2 (> )
1+G,H,
H,
Using Associative law for two summing points we get,
G,
G, Minor feedback loop
R(s) G,G, C(s)
—_—
H1
Gy
G ~
! GG, - After simplification
R(s) * 1+G,H, C(s) GG,
> —_—_—m— ——
. G,G,H, 1+ G,H, + GyG,H,
A . - —
Parallel blocks 1+ GMa

G
The two blocks with transfer function 1 and with transfer function G_f are in parallel.
So they will add to each other so we have,

R(s) G, G,G, Cls)
1t TG GG,y |
.~ g
——

Series

After simplification

L

G, G,

C(s) - G| Gz + G3 Gz

R(s) G, + G, C(s)
—_— . L —»

R(S) ~ 1+G,H, + G,G,H,
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mp Example 5.12 : Obtain the closed loop transfer function C(s)/R(s)

H,

R(s) C(s)

(M.U. : Dec.-97, Dec.-2005, Dec.-2007)

Solution : Separating two feedback from second takeoff point which is after block
having transfer function G2 as shown, we get,

/ Minor feedback loop
R(s C(s
R(s) o (s)
+ +*
G,
C(s
o (s)
+
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Shifting summing point behind the block having transfer function ‘G;’ as shown we

get,

R(s)

111G, H,
_ G
G, |— 2 G, |4
1+ G,H,
+
H, |—

C(s)

G,

Use Associative law for the two summing points and interchange their positions, we

get,

H,
Gy
G : C(s
2 c, {s)
1+GyH,
| +
Series Minor lcop
G,y
H,
G,
GG,
R(s 1+ G,H C(s)
Ll« S G2 L G3 > After simplification
192
TT+GH, H, \ * GG,
N“wm“'--/.—' 1 + G2H1 = G1 GzHI
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~

| ' 1+GH,-G,GH, G,

= -

| Bl

G,
4 G4G,Gy GyG;G,
Ris) GG;G, Cis) Ris) G, 6,0, cis) | 15G;7,- 6,61, G5,
_ 1vGyM, - G,G,H, \ G656, W

R(s) G,G,G, C(s)
[ — G4 +
1+ GgHy - GyG,H, + G,G;H,

C(S) _ Gy +GyG2H -GGG Hy+G2G3 Gy Ha+ Gy G2 G
R(s) - 1+G2H; -G G2 H; +G2G3 Ha

) Example 5.13 : Obtain the closed loop transfer function C(s)/R(s).

Gs H, -

R(s) - C(s)
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Solution : The blocks Gy and Gs are in parallel, so add them.

H,

2, G, +Gs —®_ G, G, G, o)

Shifting summing point behind the block ‘G2’, towards left as shown we get,

H,
R(s N S
i’)_' GI + G5 G2 et G3 G4 C( )
- - +
1 A
= — H
G, 3
- H' -

Gg

Using Associative law for the two summing points in between and interchanging their
position we get,

Minor loop

R(s)

C(s)
——y G1 + Gs

G4
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Minor loop
R(S) G. +G G2+ G3 s C(S)
—p——il ———
1S 1+ G,GH, 4
- - | ¢ +
Hj
G,
H, -
Gg
After simplification
Minor loop G2G4Cs
G2G3G4
- 1+ G,G3H, C(s)
G,G;G, H,
14 ———~ .2 +
1+ G263H2 Gz

(G; + G5) G,G48, /—>

R(s) 1+ G,GgH, + GaG4H4

(G, + G5) G,G3G,
1+ G,G3H, * G3G4H3#(Gy + G5) G,656,H,

(G, + G5) G,G3G,

1+
1+ G2G3H2 + G3G4H3

- 1 -3

Gg

C(s)

The block G¢ and equivalent block obtained are in parallel,

R(s)

(G + Gg) G;G3G4 Cls)

Gg +
1+ G,G3Hy + GyGHy +

o | ©8) _ Ge+G2 Gi GoHz +Gs3 Gy Go Ha +(G + G) Gy Ga Gy Go Hi +(G1 +G5) G2 G Gy

R(s)

1+4G, G H +G3 Gy H3 + (G + G) G2 Ga Ga By
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mmp Example 5.14 :  Obtan the closed loop transfer function C(s)/R(s).

Gy

R(s) C(s)

(M.U. : May-97)

Solution : The blocks G2 and H; form minor feedback loop.

G,
+
R(s) G, Cis)
G, | G, .
1+ G,H,
H,
: " G, l[ Parallel S After simpiification
R(s) G,G p Cis) R(s) G,G i i M e
S 4Gz $) R(s] 1Gy Cis T 1eGH,
e % = - T
.
[, 1 ¢ [w,]
Minor loop
G3(G4+ GG 4H, + G1Gy)
R(s) G3(G,4 + G,G4H, + GGy) C(f) R(s) 1+ GH, C(s)
1+GH, ! G3(Gq* GG, + GiGy)
- 1 1+ G;H, B
H‘
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Cls) _ G2[Gs+G2G; Ha + Gy G2
R(s)  1+Ga2Ha+G3H [Gy+G2Gs Ha+G; Ga]

nmp Example 5.15 : Obtain the resultant output C(s) interms of the inputs R(s) and Y(s).

Y(s)

R(s) C(s)

+

H,

Solution : As there are two inputs, consider each input separately. Consider R(s),
assuming Y(s) = 0.

Minor locp
+
R Ci R + Ci
(s) G, - G, (s) (s) G,G, R (s)
H1 .~ 2 H|
Cls) _ G G,

. - G; G2
Re) - oG G H, & ¢® = RO [—1+ G.Gs Hl]

Now consider Y(s) acting with R(s) = 0.

Now sign of signal obtained from H,; is negative which must be carried forward,
though summing point at R(s) is removed, as R(s) = 0, so we get,

Y(s)
Note this
block
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Combining the blocks G; H; and -1 as in series,

Y(s) Geg = G2
. ch = -G H,
+ G C(f) Feedback sign positive at input summing
2 point.
—G1H1 . C(S) _ Geq
T Y(s) T 1-GegHeq
Gz _ GZ

- 1-Ga (—GlHl) 1 +GIG:H1

So part of C(s) due to Y(s) alone is,

Hence the net output C(s) is given by algebraically adding its two components,

_ G1G2R(s) + G2 Y(s)
C(S) B 1+G1G2H1

nmp Example 5.16 : The system block diagram is given below.

C(s) Cts) C(s)
Find i) 2= if Nis) =0 i) R(‘),fN()- iii) N(“).fR()_
3 N(s)
+ +
R(s) E(s) 10 C(s)
—— | s+ 4 | ——— ——
s(s+1)] «
05s

(M.U. : May-1993)
Solution : i) With N(s) = 0 block diagram becomes

3 ‘—— Minor loop
R(s) E(s) v a 10 Cis)
— S  S(s + 1)
05s
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10
Minor feedback loop = se+D) 10 __10
N 10 05 s2+s+5s s2+6s
s{s+1)
3
R(s) B T & 0 Cls)
——t s+4 | 3 >
— s +6s
3
s+4
R(s) Es) [N 10 C(s)
—d S+ 4} > >
o X(s) s +6s
Assume output of second summing points as X(s).
Hence EGs) = R(s) - C(s) 0
ce) = X 2ot e )
st +6s
X(s) = E(s)+—— R(s) (i)
s+4

Substituting value of X(s) and R(s) from (i) and (ii) in (iii) we get,

24+6s
o € = B0+ o3 2 E(s)+ 2 Cls)
sZ+6s 3
[10(5 +4) s+ 4)] Cls) = (1 + -m-) E(s)
(gr+ 6s — 30) _ +7)
06+ O = e O

Cs) _ 10(s+7)
E(s) s2+6s-230

C(s)
R(s)

shifting summing point to the left as shown earlier in (i).

when N(s) = 0

if) To find ——, we have to reduce block diagram solving minor feedback loop and
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So referring to block diagram after these two steps i.e.

3
s+4
R(s) E(s) 10 C(s)
— S+ 41— 3 >
— s +6s
Exchanging two summing points using associative law,
R(s) 10 (s + 4) C(s)
o 2
E s +6s
10(s + 47
st+4 Minor loop = s? + 65
1+GH 10 (s + 4)
1+ ———=
= sZ + 6s
.. Block diagram becomes,
R(s) 3 10(s +4) C(s)
- 1 + 2_—— Y
s+4 s +16s +40
C(s) (s+7) . 10(s+4) ) 10(s+7)
R(s) ~ \s+4 s2+165+40) s2+16s+40
iii) With R(s) = 0 blotk diagram becomes,
N(s)
+
+
10 + C(s)
s+ 4 -s—(-s+—1) Pl

0S5s
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The ‘block of ‘3’ will not exist as R(s) = 0. Similarly first summing point will also
vanish but student should note that negative sign of feedback must be considered as it is,
though summing point gets deleted.

-1 s+4

In general  while
deleting summing point, it
is necessary to consider
5(51—21) M »—C(f) the signs of the different

signals at that summing
points and should not be

N(s)

+

0.5s disturbed. So introducing
block of ‘-1’ to consider
negative sign.
N(s)
+
10 + C(s)
[ s{s+ 1) "

05s

—(s+4)

-—— Parallel

Two blocks are in parallel, adding them with signs.

N(s)
+
10 + C(s)
ss+ 1) —
-(s+4)-05s

.

- Afier simplification (- 1.5 s — 4)

Removing summing point, as sign is positive no need of adding a block.

10
s(s + 1)

N(s)

+

—(1.5s+4)

C(s) Ns) Cls)
e > —_

~-10(1.55+ 4)

s(s + 1)

Minor loop with G = 1
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Cls) 1 _ 1
NGs) ~ L_[-10(15s+4) - L4 155+ 40
| ss+ D s(s+1)
C(s) _ s(s+1)

N(s) =~ s2+16s+40

mmp Example 5.17 ; Use block diagram reduction technique and obtain the transfer functions

o Cls) ... Cs) ... C(s)
l) T{(—S) , ﬂ) m , ﬂ") m
Also find total output of the system. (M.U. : Nov.-95)
X(s) G,
+ +
R(s) C(s)
G, G |— Gy
+
H, H,
+
Hy I—e Y(s)

Solution : In such multiple input systems, it is necessary to use superposition principle
And it must be noted that while removing summing point, it is necessary to consider
signs of various signals at that summing point.

i) Consider R(s) acting alone, X(s) = Y(s) =0

So blocks Gy and Hj3 will vanish along with the summing points and signs of all
signals are positive.

Minor loop
R(s C(s
(s) .G, G, (s)
H, H,

C(s) _ Gi1GaG3

R(s) = 1+G,G.G3 HH; - i)
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it) Consider X(s) acting alonge, R(s) = Y(s) = 0

When R(s) = 0, Summing point at R(s) will vanish, but sign of feedback signal at that
summing point is negative. So it is necessary to carry on that sign by adding a block of
‘~1’ in series with that signal.

X(s) Gy
g = y c® o
i o ) Gs . :s’ Gs )
_Allafe 0
inseries , | ~
P Hy Hy
Senes
. Cs) Ga Gy (i)
X(s) o G, C(s) X6 1+4G G2GaiH H; 7 1
1-(-G,G,HK,) G,
iii) Consider Y(s) acting alone, R(s) = X(s) = 0
Minor loop
i _ Cis)  Y(s) . Cis)
ilr\‘llsaef:esi - f G, b+ 6, |-.— Gy I'_"_’ ~ Hq ” -G,G,65H,
0 ) n
) . vy 0
Hy [—+—y(g)
Y(s) N - G4G,G3H, Cls) _Cls) _ -G1G2G3Hy Hy (i)
1 - (-G4GaG3H,) Hy “Y(s) 1+G;G2GazHyH2 ™ -

From (i), (ii) and (iii) we can write the total output as

- G1 Gz G3 R(S) +G3 G4 X(S)- G] Gz Ga Hz H3Y(S)

Ces) 1+G; G2 G, H;, B2
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mad Example 5.18 : Reduce the block diagram and obtain the transfer function C(s;/R(s).
(M.U.: May-'?G)

JL.
s
- S
R(s) s C(s)
s+10 +
S
s-3
3
s +8
s—4

Solution : No series, parallel combination and no minor feedback loop exists. So  shifting

takeoff point before the block of S .
s+ 10)

Minor loop
with G =1
S | Parallel
andH “s+10 blocks
i Cls)
p——
s s C(s) R(s) - s+10 s{28+7) C(s)
s+10's-3 > s+11 (3% 10)(s*3) -
\\ 8 +8
XE s-4
After simplification After simplification
s+ 10 s(28+7)
s+ 11 (s+10)(s + 3)




Control System Engineering 5-52 Block Diagram Representation

s(2s+ 7)
C(s) _ (s+11)(s-3) _ s(2s+7) (s~ 4)
R(s) ~ s(2s+7) (s3+8) (s+11)(s—3)(s—4)+s(25+7)(s3 + 8)

s+1)(s-3) (s-9)

C(s) _ s(2s? — s —28)
R(s) ~ 255 +7s% +s?+20s2 =95+ 132

1mp Example 5.19 : Determine C/R ratio for the system shown below. (M.U. : May-95)

G,

H,

Solution : Shifting takeoff point which is before G, to, after Ga.

Paraltel

After simplification

/—-“'\/—--t-. vy

G,

o
F-Y
F O
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Shifting summing point before the block ‘G;’ and interchanging using associative law,

Minor loop
G,G,+ G, 9
G,
e
G,
Series
~ ~ Minor loop
GG, | |6:6+0, G1(G5G3* Gy) c
1+ G,G,H, G, 1+ GyGH,
H, H;
G, Gy
After simplification
. Gy(G,G3+ Gy)
G4(G,G3+ Gy) 1+GGH; + Hy(G,G3+ Gy)
R 1+G,G,H,

G4(G,G3+G,) H,

- | " e6H, X6,

Gi1(G2Ga+Gy)

C_ 146G G Hi+H2(G2G3+Gy)
-l_{ - 1 Gl(GZG;;-!-Gq)
+1+G| Ga Hy + Ha (G2 G3 + Gy)
. C _ G1(G2G3+Gy)
o R O T+GI G +GGallz+ G2+ G Gz Ga+ Gy Gy
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ymp  Example 5.20 : For the block diagram shown, obtain C(s)/R(s) by using reduction rules.
(M.U. : Jan.-92)

— .
R(s) : - ’/®l = <] <o)
- - +

H,

Y/

Solution : Shift the takeoff point, to the right of summing point. This is the “Critical
rule” discussed earlier as rule 10 and 11. In this problem it is necessary to use this rule,
which is generally not used to solve simple problems.

New summing
point due to

critical rule - . J i
i v
+ 350y 4 +
v

R(s) 3 _@ B! 1 5 S, : C(s)
- - +

Hy

\Y/

New summing point gets added due to use of critical rule . This summing point can
be eliminated by separating the two paths which are linked by that summing point. The
paths are shown dotted. So block diagram reduces as,

I-I?‘f:.!_.lr H

G,

Ris) + /““\&

C(s)

9o
£
la

Mt



Control System Engineering 5-55 Block Diagram Representation

While removing summing point, as sign of one of the signal is negative, the block of
transfer function ‘~1’ is connected series with that signal.

So now there exists a minor feedback loop

1 1
1-(=GgHy) 14 G.H,

+ =

Shifting take off to the right of G2

Paraliel

v -

1 C(S)
1+G4H,

4

Combining blocks in parallel and shifting summing point to the left of ‘G;".

G4G,y + G,
G,
G, + & — ! C(f)
3' 6, [ |1+Gah,

—\Y
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Interchanging the summing points using associative law.

1
+
R(s) g G3G, + G, 1 C(s)
12 G, T+ G,4H, "
- + -
H1
e
Gi

Solving minor feedback loop. The block of ‘1* and ‘H;” are in parallel so loop becomes,

GG, GG,
G1G2 =~ G1G2 = =
- +
H, — | 1-H,
R(S) G«‘ Gz - N GSG2 + G4 1 Cgs)
1-G,G,+G,G,H, | G, 1+G,H,
- +
The feedback
H, paths H, and 1
G, Gy
are in parallel
but with
opposite signs

Combining the feedback blocks which are in parallel.

R(s) ) GG, + Gy 1 C(s)

r simplification
Hy -G,

Mt
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G1 G2 GaG2+Gy 1
C(s) _ 1-G; G2+ Gy G2 1 G2 1+ Gy H, )
R(s) - 1-( G1 G2 G3 G+ Gy 1 1, -G
kl -G1 G2+ G G2 Hy G2 1+ G4y H; G
Cls) _ G1G2G3 +G; Gy

m T1-G1 G +G G H -G G, G i Hy +G, G, GiHIH, + Gy G2 G3+ Gy G, — G2 GaHa

mmp Example 5.21 : In the given block diagram, obtain the transfer function of the system
Ci/R,.

{M.U. : Nov.-96)

Solution :  Solving the minor feedback loop of ‘G4’ and ‘1"

As C; is not the focus of interest hence G¢ becomes meaningless in the block diagram,
thus it is removed.
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Minor loop
_ G, G, 4 G }5—C
g - - A
1
H —_—
2
G,
H| -
N GG
R, 4G5
1+G,
Solving minor feedback loop and shifting takeoff point.
Series
GG,
G »C
146G, Series : !
R + G4GsH1G|Gzes N c
1 ! (1+Gg) (1 + G,G5) '
1 1 o~ +

| H —_ —
2 G, Gy
Hp
H; - M G,G,
+ r 3
R, G4Gs -
+* i+ G‘

G1G2GaG4Gs Hy

G [+, G 0+ Cy)
Ry ~ 1-616263C4Gs i Hy
(1+G; Ga) 1+G,y) G2G3

G _ G1 G2 G3 G4 Gs H,
Ri 1+G G2+G4+G; G2Gy4 -Gy Gy Gs Hy H2

Mt
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nmmp Example 5.22 : Find C using block diagram reduction techniques
(M.U. - May-98, Dec.-06)

o

R,

Solution : Consider R; alone R;, R3, Ry are zero.

Note : Whenever R, is zero, as the sign of feedback at R, is negative, while
removing summing point at R;, do not forget to insert a block of '-1' to consider effect of
negative sign.

Minor loop

| Gy G, > G, —

H,

G1G2
C _ 1+GoHy _ Gi1G2
Ry 1+G1G2H1 ~ 1+G2H2+G,G2H,;
1+G2H»

Gi1G2Ry
1+G.H; +G,G.H; ... due to Ry

C =
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Consider R; alone, with Rz =R; =R; =0

Note
this R, R,
0 . Minor loop .
-1 ‘ ‘ " 1+G,H,
—G4H,
H,
_Ga2
_C_ _ 1+G')H2
R,
(1 +GoH, )( Gikh)
C = GZRZ
1+C2H2+G1G2H1

Consider R3 alone, Ry =R, =R4=0

Note
this Q\

—
P, |
.

Combining two summing points we get,

Minor loop

al
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G»

Cc _ 1+G.H; _ G2
-R3 - - 1+G2H> +G1G2H,
1- (1+C H; )‘ GiHi)
C = -R3cz
- 1+G2H2 +C|G2H1
Consider R; alone, with Ry =R2=R3=0.
fote Minor loop
L c
-4 :
o "y 1+GH,
2ulew 4, e +
+
H, —( % >'—
“+
R,
-GG2H,
C _ 1+G.H; _ -Gi1G2H,
R4 - Cz - 1+G2H2 +G1G2H|
C = - Gi1GaHiR,
- 1+G2H2 +01G2H|

Combining all the values of C, we get
G1G2R; +G1(R2 -R3)-Gi1G2HiR,

C =

1+GaHy +G1G2Hy
medp Exampel 5.23 : Determine the transfer function % using block diagram reduction
technigue for the block diagram shoun - (M.U.: May-2003)
Gy
R(s) e . Cls)
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Solution : Shifting takeoff point of G, to the right of G, we get,

Parallel

R(s)
G1 G2 p— C(s)
Hy
R(s) G.
G, G, [ o » Cls)
m [
Shifting takeoff point towards C(s) and interchanging takeoff points,
Minor loop
R(s)
+ C{s)
- After solving gives.
1+G, + Gy
G,
H Gy + Gy
R(s) G, + Gy
G1 1+ GZ + G3 C(S)
GaH,
Gy + Gy
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G1(G2+Ga)

C(S)_ 1+G2+G3

R(s)

Gi(G2+Ga)

1+

G:(G2+Ga)x G.H,
(1+G1 +Ga) (G-_n-l-Ga)

1+G2+Ga+G1GaH,y

mmdy Example 5.24 : Determine the closed loop transfer function for the system shown.

(M.U. : Dec.-2003)

H3 g
RE) G, Gy is)
H,
HI
Fig. 5.47
Solution : Interchange the positions of two internal summing points, using associative
law.
Hy
. -
(s) G, Gs C(s)
+ +
T\ Minor feedback loop
H,
Hy
R(s N C
X G 1+ng S =
0 + 2''2 \\ e
"7 Shift to the right
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. Hy -+— Minor feedback
l Series toop

Ris) (2;) G, C(s)
G1 + 1 +GZH2 G3

1
H, [
Series
GGy
14GyH,+G,G3H,
G,Gy
R(s) p - (1+G,H,) o Ct8)
G G,Cs
- TG,
H,
Gy
G1G2G,
R(s) G4G,G; C(s) C(s) _ 1+ GoHs + GaG3H3
Y 1+ GH,y+ G,G3H, \ R(s) n 1+ G1G2G3 xl'l_l_
1+ GoH2 +G2GaHa " Gs

Hy

Gy

~— gt — .| € - G1 G2G3
Minor feedback loop R(s) 1+ G,Hz+ G2G3H;3+GGzH,
) . . Cfs)
) Example 5.25 : Obtain the transfer function RS (M.U. : May-2004)

G,
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Solution : Interchange the positions of two summing points using associative law.

R(s)

mmdp Example 5.26 : Find the overall transfer function.

Paralie! of
- "1°and G,

Parallel

Cts)

Cs) . (1+G1)Ga

R(S) - 1+ Cz (H| +Hz)

3

R(s)

Minor loop

G, |

C(s)

Hy+H,

0

G,

1+ Gy(Hy+Hy)

(M.U. : May-2005, May-2007)

G,

C(s)

Fig. 5.49

Solution :’ Separating the feedback paths,
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R(s) C(s)
G1 | ] Gz 1 63

[

Sy S,

T2 )

P L LR

Separating the paths from Tj t05;, Ty toSz, Tz to S, and T; to Sa.

Parallel —1-H, ==

R(s C(s)
e L s
H,
— Minor feedback
loop
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pa G,-H % ol P
1=+ > ift the
Y . 1+ Gy(-HqHy) summing point
H,
R(s) G, Cte) [——
nterchange
1-GaH,H, the
summing points
—HyH,
G,G, C(s)
1-GyH,H,
Parallel Minor loop
G2Ca

1 = GaH H,-GGqaHyHy

R(s) H 1= GgH,H, C(s)
Sy, G,G
- 2 1+ —23_ x_HH,
{} 1-G3HH,
" G4G,—H,Gy—H,
G,
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R(s) GyGpHy(1 +Gy) G,G, Cls)

’ [GiG2-H) (1+G2)]Ga
T C6) _ _1-G3HiH> - G2GaHiH,
R(s) 1+ [G]Gz— Hy(1+ Cz)]G3
1- GsH;H: - G2G3H H»

Cls) _ G1G2G3 ~-HiG3 - HiG2G3
R(s) - 1- GasHH; - G2G3HH2 + G2G2G3 - HiG: - H1G2G:

mmp Example 5.27 : For the system represented by the block diagram shown, evaluate the

closed Ioop transfer functions when the input R is i) at station I and in ii) at station II.
(M.U. : May-2006)

Station 1 ] H Station Il
3

- +

+ + + Cl(s)

Fig. 5.50

Solution : i) Input R at station I
»

R(s)
Hy JUET O
”, A
+ - , »” \\
+ + / ‘C(s)
G G, Gs Shift the
- - takeoff point
Hy

H,
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R(s) H3

+
G, G, —-@ G, C(s)
+ ‘. .
~—i Minor loop

R(s) _i Minor loop
G,
+ —
*+ Gy .
@Q‘ & Ce 1+G3H, <)
H,
GyG3
R(s) 1+G,H, + G,H,
G;G3
+
14+ Gst
G C(s)
QQ : 1. 228 M3
- 1+ Gst G3
H,
G1G2G3
C(S) - 1+G3H2+C2H3 = G G2G3
R(s) 1+ G1G.Ga < H 1+ G3H; + GoH3 + G1G2GaH,
1+G 3H2 + G2H3 !

ii) Input R at station Il

Note that at station I, though input is zero while removing the summing point, keep
the negative sign of H, as it is. Thus add a block of '~ 1' as shown in the system.
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Note
this H, R(s)
I - .
+
=1 ¢, G, )

Shift the summing point to the left of G2 and interchange the two summing points.

Minor loop —=-: < H R(s)
- 3
N C(s)
. s
*
1
G,
H,
R(s)
+
G, = Cis)
O EEY- XN A 3
y
%? ch H,

? 2
pihe G,

Ve %

-GyH,
]
~ Blocks in parallel
R(s)
+
G, + o _C(s)
1+ GyH,
|
H.
- GyHy - Gz

‘o

S,
- GGH- H,
__Gz_J
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R(s)
+
Cls) LS G,
A G, R(s) 1_G3 (- GiGa2H, - H2)
1+ GaH;
-GG Hy- Hy .| Cls) _ G3 (1+GzHa)
1+GyHy R(s) 1+ GoH3z+G3Hs + G G.G3H,

Review Questions

1. What is block diagram representation ? Explain with suitable example.

2. State advantages and disadvantages of the block diagram reduction technigue.
3. Explain the block diagram reduction rules.

4. Determine C/R ratio for the system shown below.

5. Determine the transfer function of the system using block diagram reduction of the system shown.

R(s)

%)

6. For the block diagram shown, obtain C(s)/R(s) by using reduction rules.
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Gd \y/
R S ‘ S Ci
(s) (s
G| Gz - G3 Pt )
- - +
N H2
H, f

7. Use block dingram reduction rules to obtain the transfer function of the block diagram shown below.

S

G, >

8. Reduce the block diagram of the multiloop system shown in figure below.

Hy{s)
R(s) % A N S8 *, N C(s)
4 Gy(s) Gyfs) | Gyls) |4+ Gyls) >
2 2 D
Hy(s)
H,y(s)
Ans. : S8 _ G1G2G3Gs
: .R(S) "I‘PG; Gi Hy +G 2 Gy Hy + G, G2 Gs G; H,

9. Delermine the overall transfer function relating C and R for the system whose block diagram is
shown in figure.

| G3
+
+ +
R GI 62 3 b-—-g
H, >
Hy
(AnS'S-= GlC;+C, C3 )
"R 1+G2H:+G G2 H; -G G2 Ga Hy H




Control System Engineering 5-73 Block Diagram Representation

10. Determine the ratio %,—% and the total output for the system whose
block diagram is shown in following figure.

G, D
+ + + * +
R G1 G3 G4 9
Hy
H1
Ans ‘E - C] Ga G.; +Gz G; (;4 _
"R 1+G3H: +G1G3Gi H, +G2G3; Ga H,
[ Gs 1+ G; Ha)
D~1+G3 Ha +G| G3 G,. H, +GzC; Gq H,
- Gi1 G3G;+G ;2 G3 G,
Tou]output— 1+G;s H; +G| G; Gq H, +Gz G; G4 l’] R
+ G.] (1+Gs Hz) D
1+(;3 Hz +G; G3 G‘ H; +G, Gs G Hy

11. Derive an expression for the total output for the system represented by the block Jiagram in
following figure.

C 1 cz Rl + Gz Rz )
Ans.: C= —
( ns 1+G; G7 1; Hy+ G,
12, Use block diagram reduction methods to obtain the equivalent transfer function from R to C.

Mt
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Gs G.; (G 2 +Gg) (G])

(Ans. : %

13. Use block diagram reduction methods to obtain the equivalent transfer function from R to C .

o G,

Gl G3 (G2 +G4)

"1+G, H)(1+G; H) +Gs Gg (G2 +Gs)GlJ

C
(A“" ‘R=0+Gi G: H)(+G3 H;)+G,G3 (G2 + Go)
14. Find the equivalent transfer function for the figure shoun below.

G,

Hy

G3 G4 +C| Gz G3

)

=l 6

(Ans.

= 1+4G3Hy +G2H:G3 +G3 G4 +G 1 G2 G3

)
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15. Using block diagram reduction, find the transfer function from each input to the output C.

X G,
+
+,
- . -
H, H,
+
Y Hj
) € GGGy C_ Gs Ga
Ans.: (AI‘IS. ‘R 1+G; G2 Gy H, Hz' i T 1+ G; G G2 H "2'
E _ -Gy G2 Gs H; H;
Y 1+C| G2 G3 H| i{z

Qaa
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Signal Flow Graph Representation

L]
6.1 Background

There is one more way of representating systems particularly when set of equations
describing the system is available. This representation which is obtained from the
equations, which shows how signal flows in the system is called signal flow graph
representation. As it uses the equations of the system which consist of various variables of
the system, the variables of the system plays a base role in signal flow graph. Thus we can
define signal flow graph as -

The graphical representation of the variables of a set of linear algebraic equations representing
the system is called signal flow graph representation.

Let us see which are the important elements constituting the signal flow graph.

As variables are important elements of the set of equations for the system, these are
represented first in signal flow graph by small circles called nodes of signal flow graph.
Each node represents a separate variable of the system.

All the dependent and independent variables are represented by the nodes. The
relationships between various nodes are represented by joining the nodes as per the
equations. The lines joining the nodes are called branches. The branch is associated with
the transfer function and an arrow. The transfer function represents mathematical
operation on one variable to produce the other variable. The arrow indicates the flow of
signal and signal can travel only along an arrow.

e.g. Consider a simple equation,

V=IR _
Where V = Voltage lo—— - oV
I = Current Fig. 6.1

R = Resistance which is parameter of the system.

This is nothing but simple Ohm’s law. Now while representing this equation by signal
flow graph , first the variables voltage V and current I, are represented by nodes and they
are connected by the branch as shown in the Fig. 6.1.

(6-1)
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This represents that voltage V depends on value of
current 1. And the relationship between the two is through R
resistance R. So signal I gets multiplied by R to generate
variable V. So R becomes branch transfer function or Fig. 6.2
branch gain joining I and V. The direction of arrow is from
I to V. This is shown in the Fig. 6.2.
So all the branches represent the cause and effect relationship existing between the
various variables. The branch transfer function is also called branch gain or branch
transmittance in signal flow graph terminology.

6.2 Properties of Signal Flow Graph

1) The signal flow graph is applicable only to linear time invariant systems.
2) The signal in the system flows along the branches and along the arrowheads
associated with the branches.

3) The signal gets multiplied by the branch gain or branch transmittance when it
travels along it. -

e.g. Consider signal flow graph shown in the 4 o d ox,
Fig. 6.3. .
The signal from x; gets multiplied by 4 when it Fig. 6.3

travels along the branch joining x; to x2. So we can say value of x; is 4 times the
value of x,. It shows dependence of x2 on x;.

4) The value of variable represented by any node is an algebraic sum of all the
signals entering at the node

e.g. Consider the variable x;. At that node,

3 signals are entering from x;, x3 and xq.
So value of x2 depends on the variables x;, ©
x3 and x4. The branch gains indicate the
exact contribution of each variable in
generating x». So value of x2 is algebraic
sum of all such signals entering. So we can *3
write,

Fig. 6.4
X2 = 4X1—2X3+3X4 9

5) The value of the variable represented by any
node is available to all the branches leaving
that node. The number of branches leaving
a node does not affect the value of variable
represented by that node. i

e.g. Consider signal flow graph represented
in Fig. 6.5. The value of x; can be obtained
from signals entering at xa.

ie. X2 = 5x; —2x3
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Now there are three branches leaving x2 , joining to x4, x5 and x¢ that means x;,
xs and x¢ variables depend on x,.

So we can write x4 = X2 , X5 =2X2 , X¢ = 3x3

i.e. for all branches leaving from xa, the value of x2 available is same and number
of such branches do not affect the value of x..

Key Point : The value of a variable represented by node depends only on the signals
entering and this value is as it is available to all the branches leaving from that node.

6) For a given system signal flow graph is not unique. Many other graphs can be
drawn by writing system equations in different manner.

Key Point: The signal flow graph is not the unique property of the system.

6.3 Terminology used in Signal Flow Graph
Consider a signal flow graph shown in the
Fig. 6.6

i) Source Node : The node having only
outgoing branches is known as source
or input node. e.g. Xq is source node.

ii) Sink Node : The node having
only incoming branches is known t, tas
as sink or oufput node. e.g. xs is
sink node. Fig. 6.6

iii) Chain Node : A node having incoming and outgoing branches is known as chain
node. e.g. x1 , X2 ,Xx3 and X4 .

iv) Forward Path : A path from the input to output node is defined as forward path.

eg Xo—X1—X2—X3—X3—Xs First forward path
X0 — X] — X3 — X4 — X5 Second forward path.
Xq = X1 = X3 ~ X5 Third forward path.
Xg — X1 — A2 — X3 — Xz Fourth forward path.

v) Feedback Loop : A path which originates from a particular node and terminating
at the same node, travelling through atleast one other node, without tracing any
node twice is called feedback loop. For example, x2 —x3 — x4 ~xa2.

vi) Self Loop : A feedback loop consisting of only one node is called self loop. i.e. ta
at x5 is self loop. A self loop can not appear while defining a forward path or
feedback loop as node containing it gets traced twice which is not allowed.

vii) Path Gain : The product of branch gains while going through a forward path is
known as path gain. i.e. path gain for path xg —x; —x2 = x3 —x4 — x5 is,

1 X ty2 X t23 X t33 X t45. This can be also called forward path gain.
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Key Point: While tracing a forward path or a feedback loop, no node is to be traced twice.

viij) Dummy Node : If there exists incoming and outgoing branches both at first and
last node representing input and output variables, then as per definition these can
not be called source and sink nodes. In such a case a separate input and output
nodes can be created by adding branches with ‘gain 1. Such nodes are called
dummy nodes.

e.g.

& 2L e M e 1.
W Source W Sink
(a) (b)

Fig. 6.7

In the signal flow graph x; and x2 are input and output variables but as per definition
not input and output nodes. Such independent nodes can be generated by adding branches
of gain 1 as shown in the Fig. 6.7 (b).

Note : Such creation of dummy nodes is not necessary. Without this also, signal flow
graph can be analysed to get the overall transfer function.

Key Point: Addition of branches of gain 1 is possible only before starting node and after the
last node. In between the chain nodes such branches of gain 1 cannot be added.

ix) Non touching loops : If there is no node common in between the two or more
loops, such loops are said to be non touching loops.

The Fig. 6.8 (a)&(b) show a combination of non touching loops of two and three loops.

{a) Two non touching loops (b) Three non touching loops
Fig. 6.8

Similarly if there is no node common in between a forward path and a feedback loop,
a loop is said to be non touching to that forward path. )

The Fig. 6.9 (a) and (b) shows such a loop which is non touching to a forward path.

Forward path Forward path

X4 X5 o X X3 X4 X5
Non touching loop Self loop non touching
to forward path shown to forward path shown
(a) (b)

Fig. 6.9
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x) Loop Gain : The product of all the gains of the branches forming a loop is called
loop -gain. For a self loop, gain indicated along it is its gain. Generally such loop

gains are denoted by ‘L’ e.g. L, L, etc.
-5 L
O .

N G1 N 62 R 63 ~ N g
Xy XW X3 ;4 X4 X 2 X3 xW Xg
-H, -2
(a) (b}

Fig. 6.10

In the Fig. 6.10 (a), there is one loop with gain L, = Ga x=H; = - G2H,
In the Fig. 6.10 (b), there are two loops with gains.
Ly = 4x-2=-8 and other self loop with L = -5

6.4 Methods to Obtain Signal Flow Graph

6.4.1 From the System Equations

Steps :
1) Represent each variable by a separate node.
2) Use the property that value of the variable represented by a node is an algebraic
sum of all the signals entering at that node, to simulate the equations.

3) Coefficients of the variables in the equations are to be represented as the branch
gains, joining the nodes in signal flow graph.

4) Show the input and output variables separately to complete signal flow graph.

Example : Consider the systern equations as say,

Vi=2V; + 3V, (1) Vi= 5V, +V, -(3)
V2 =4V +5Va+2Va  ..(2) Vo = 6V3 .(4)
Let output be V, and input be V; where V; , V2, V3 are the system variables.

Equation (1) shows that V; depends on V;
and V. So there are two branches entering at
node V; ie. from V; and V,. But branch from V,

\Y V.,
vV 0—2—3\/2 to V; has direction from output to input hence to
p be shown as a feedback path as in the Fig.
6.11(a). Similarly all equations are to be
simulated and joined to get complete signal flow
Fig. 6.11(a) graph.

oM
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Signal from output side towards input i.e.

from, V> to Vi, V3 to V2 and so on are to be
indicated as feedback paths.

In equation (2) there is component of V,
itself, contributing to generate the variable V,.
This results in a self loop in a signal flow
graph. The complete signal flow graph is

Fig. 6.11 (b)

shown in the Fig. 6.11(b).

6.4.2 From the Given Block Diagram

Steps :
1

Name all the summing points and take off points in the block diagram.

2) Represent each summing and take off point by a separate node in signal flow graph
3) Connect them by the branches instead of blocks, indicating block transfer functions as the
guains of the corresponding branches.
4) Show the input and output nodes separately if required, to complete signal flow graph.
Example :
G;
S4 +1sy t
Ci
R(S) G1 g Gz G4 2 ’——Sf)
ip Y t 4 olp
H,
Hy
Fig. 6.12

Naming sumuming and take off points

as shown in the Fig. 6.13.

Key
and

a given block diagram, they are. to be
represented by separate nodes in the

corresponding signal flow graph.

Point: Make sure that if summing
take off points are near each other in
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6.5 Mason’s Gain Formula

It is seen earlier that in block diagram representation, we have to apply reduction
rules, one after the other to obtain simple form of the system and hence overall transfer
function. We have to draw the reduced block diagram after every step. This is time
consuming. In signal flow graph approach, once S.F.G is obtained, direct use of one

formula leads to the overall system transfer function % This formula is stated by Mason
and hence referred as Mason'’s gain formula. The formula can be stated as :
Overall TF. = 21K 8K
A
where K = Number of forward paths
Tk = Gain of Kt forward path

A = System determinant to be calculated as :

A = 12X all individual feedback loop gains [including self
loops]] + [ Z gain x gain product of all possible

combinations of two non touching loops]

~[ Z gain x gain x gain product of
combinations of three non touching loops] +....

Ag = Value of above A by eliminating all loop gains and

associated products which are touching to the Kt
forward path.

Explanation : If we have identified in signal flow graph following information that,
Number of forward paths K = 3.

The gains ie. product of branch gains involved in defining various forward paths are
denoted as Ty, T> and Ts.

Now number of loops including self loops are say 3 and their gains are say L;, Lo,
and L3.

Out of these three, L; L and L; L3 are the combinations of two non touching loops.
There is no combination of three non touching loops.

A = 1 - [Zall individual and self loop gains]
+ [Z gain x gain product of all combinations of
two non touching loops]

A = 1-[Lj+La+L3]+[Li L2+ L Lj]
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Now for Ak ie. Aj, Az and A3 consider each forward path separately.

For Ty, say all loops L;, L2 and L3 are touching to T; hence all loop gains are to be
eliminated from A to get A;.

A =1

For T2, say L, is non touching and L,, L3 are touching. So L,, L3 and associative
products i.e. L; La and Ly L3 are to be eliminated to get Az, L, will exist.

A = 1-1L»

For T3, say Li and L, both are non touching and L is touching. So L3 and associated
product L; L3 must be eliminated L;, L2 and product L; L; as both are non touching to
T3 will exist in Aj

Az = 1-L, -1+, L2

Hence T.F. can be obtained by substituting these values in

TlAl +T7 A, +T3 A3
A

TF =

ymp Example 6.1 : Find the overall T.F. by using Mason's gain formula for the signal flow
graph given in the Fig. 6.14

Solution : Two forward paths, K = 2,

T = GiG3G3GsGs
T; = GiG2Ge
Loops are, L = -G4+H,
L = -G3Gy4GsH —H,
Li = -G, H» Fig. 6.14(a) Non touching loops

Out of these, L; and L3 is combination of 2 non touching loops
A= 1—[[.1 +L2+L3] + [L1 L3]
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A; = Eliminate L, ,L,,La as all are touching to Ty from A

A =1

Az = Eliminate L, and L3 , as they are touching to Tz, from
A . But L, is non touching hence keep it as it is in A.

Ar = 1-(L4]

—Hy
Fig. 6.14{b) L, Non touching to T,

Substitute in Mason’s gain formula,

TF = 1&1*ha:
A
TE = G1G3Gs Gs Ge 1]+ Gy G2 Ge [1+Ga Hy)

1+GyH +Ga G4 Gs Ho+Ga Ha+ G2 Gy Hy Hay

6.6 Comparison of Block Diagram and Signal Flow Graph Methods

The comparison of block diagram representation and signal flow graph is given in a
tabular form as :

Sr. Block Diagram Signal Flow Graph
No.

1. Basic importance given is to the| Basic importance given is to the variables of the systems.
elements and their transfer
functions.

2. Each element is represented by a] Each variable is represented by a separate node.
| block.

3. Transfer function of the element is] The transfer function is shown along the branches
shown inside the comesponding] connecting the nodes.

block.
4. Summing points and takeoff points| Summing and takeoff points are absent. Any node can
are separate.' have any number of incoming and outgoing branches.

5. Feedback path is present from| Instead of feedback path, various feedback foops are
output to input. considered for the analysis.
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6. For a minor feedback loop present,| Gains of various forward paths and feedback loops are
the formula can be used. just the product of associative branch gains. No such
1t GH : G
formula T GH is necessary.
7. Block diagram reduction rules can| The Mason’s Gain Formula is available which can be

transfer function.

be used to obtain the resultant

used directly to get resultant transfer function without
reduction of signal flow graph.

8. Method is slightly complicated and
time consuming as block diagram
is required to be drawn time to
time after each step of reduction.

No need to draw the signal flow graph again and again.
Once drawn, use of Mason's Gain Formula gives the
resuliant transfer function.

in block diagram approach.

9, Concept of self loop is not existing

Self loops can exist in signal flow graph approach.

invariant systems.

10. | Applicable only to linear

Applicable to linear time invanant systems.

6.7 Application of the General Gain Formula between Output
Nodes and Non Input Nodes

It was derived earlier that Mason’s gain formula is used to get a relation between
output node and input node called transfer function.

But often, it is required to calculate the relation between output node variable and a

non input node variable.

Example :

Now it is required to calculate %’i i.e. dependence of enx On ez and e; is not input
2

variable.

So 29 can be expressed as

YXTgAk |
A from ejp toen

€2
€ out
Cot _ _€in
e €2
€in

TTkAx

A

from ojn to Cout
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Since A is independent of inputs and outputs,

Cou  _ 2‘TKAKlfmm Cin to cout

e - -
2 x rKAKIfmm ¢in to e

P Example 6.2 : Calculate %:- of the system, whose signal flow graph is given below.

Solution : Forward paths for y; to y7 are two

Ti = Gi1G2GaGs, T2 = G1G2Gs
Individual feedback loops are

G, Gj G, G, G,
N < T Hy
—H, —H, Self
loop
.-|-i3
Ly=-Gy H; Ly=-G3H, L3=-G, G, G3Hy Ls=-H,

Combinations of two non touching loops

LiL = +G GyH I, Lily = +G, H, H,
LaLy = +GaH2H,, Laly = +G1 G2GsH3aHy
One combination of three non touching
LiLby = -G1GaHy Ha Hy
A = 1-[Li+La+L3+Ly+[L Lo+ Ly Ly+ Lz Lo+ Ly La] (11 L2 Ly}
Ay = 1 all loops are touching
A> = 1 all loops are touching

y2 _ s +T242 G1G2G3Ge + G1G2Gs

Y1 A A
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Now to find the ratio ¥2

y:
Forward paths for y; toy; is one. T, = 1 Now A is same as above.

and A

1-La-La+L2L,4 ... L2 and L4 nontouching to Ty =1

1+G3H+H; +G3 H2 Hy
Y2 _ T|A1 1+G3H2+I‘I;+C3Hzﬂ4

i A A
ﬁ
yz _ n _ Gi1G2GaGy + G G2Gs (1+4G3 Ha)
y2 y2 1+G3H,+H, +G; Hy Hy
Y1

6.8 Application of Mason's Gain Formula to Electrical Network

To apply Mason's gain formula, it is necessary to draw the signal flow graph of the
network. This section explains simple method of writing network equations from which
signal flow graph can be easily obtained. Applying Mason’s gain formula to the signal
flow graph, transfer function of the network is obtained.

General procedure to solve such network is as follows,

i) Find out the Laplace transform of the given network and redraw the nelwork in
s-domain.

ii) Write down the equations for the different branch currents and node voltages.

iti) Simulate each equation by drawing corresponding signal flow graph.

iv) Combine all signal flow graphs to get total signal flow graph for the given network.
v) Use Mason’s gain Formula to derive the transfer function of the given network.

1wy Example 6.3 : Find the T.F. for the given network.
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Solution : Laplace Transform of the given network is as shown in following figure.

R, Viis) R

I , T
V{(s) = ésl- Vols)
l' l,(s;D s¢ lz(s’)D lo

o o
© Q

Key Point: Assume the network variables alternately as the loop current and node voltage
and then write the equations by analysing the horizontal and vertical branches alternately.

_ (Vi-wp)
Li(s) = T‘ - (D
1
Vi = (h-13) e (1))
_ (V1 - Vo)
I, = R (1)
Vo = IzsL (V)
S.E.G. for equation (]) :
1
R, 1 v
Vl °—.‘_\_/1
-
R,
S.F.G. for equation (II) :
A
b—s.c—\‘/‘\._’/}z
=1
sC
at
S.F.G. for equation (III) : w

S.F.G. for equation (IV) :
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Total Signal Flow Graph for the network is as follows.
A 1 H
v Ry 1, sCV, Ry 1, sL

i ©

-1 =1 -1

Use Mason's gain formula to find %
1
Yo _ Tk Ak ; Number of forward paths = 1
Vi A
Vo _ T A
Vi A
L
T o= R; R.C
Individual feedback loops are,
1 1 sL
Ll__;;f{_l—é' Lz_—_sﬁ_g—é' La—‘—z

L, and L3 are non touching.

A

1 —[L| + L2+L3] +|L| L3]
1 1 sL L

1+ == + =

A SR]C SR2C+-R?+R]R2C

As all loops are touching to T; , A; =1,

L
vV, Ry R; C
Vi_ l+———--1 +———-—1 +—s—[-f-+———L
sRiC sR2C Rz RiR:C

Vo sL
Vi sRy R, C+R2+Ry +82 LR, C+sL

Vo(s) sl
Vi(s) s2LR;C+ s[L+R;R2CJ+(R) +R))

6.9 Obtaining Block Diagram from Signal Flow Graph

To obtain the block diagram from given signal flow graph, it is necessary to write the
set of system equations representing the given signal flow graph. Assume suitable node
variables, write the equation for every node. While writing the equation remember that the
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value of the variable represented by a node is an algebraic sum of all the signals
entering at that node. The number of outgoing branches have no effect on the value of

the node variable. For example consider the part of signal flow graph shown in the
Fig. 6.15.

{a) (b)
Fig. 6.15

In both the case
x = ay + bz

And the number of outgoing branches have no effect on the value of node variable x.

This set of equations can be represented by block diagram, simulating each equation
separately.

Key Point: For any + or — sign in equation, there exists a summing point while for each

branch gain of signal flow graph, there exists a block of same transfer function as branch gain,

in the block diagram.

For example, consider the equation.
Vi = 2Va-4V;

Here 2 and 4 are the gains; correspondingly there exists the blocks of transfer
functions 2 and 4 and a summing point for a minus sign. The block diagram simulation of
above equation is shown in the Fig. 6.16.

v, + Vy =2V, -4V,

Vs

Fig. 6.16

Simulating all the equations in the same manner and joining all of them, the required
block diagram can be obtained.
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mmp Example 6.4 : Obtain the block diagram for the signal flow graph, shown in the figure

below.

Solution :  Write the equations for various node variables y, z, w and u. The input node

is x as there are only outgoing branches. |

y = (2s)x - (4)z - (5)u
z = @y-03w

w = (2)z

u = (Iw + (s)z

The block diagram simulations of various equations are,
Equation (1)

X | 2s
Fromz
Fromu
Equation (2),
I 13
Fromw
)

Equation (3),

(1)
)
3
(@
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Equation (4),

Fromz

Combining all the simulations and repositioning branches for convenience we get the
complete block diagram as,

Examples with Solutions

i Example 6.5 : Find % for SE.G. shown in following figure.

Solution : Number of forward paths = K = 2

2
Y TeAk
TF. = &A_ using Mason's gain Formula

] G1G2GaGy
T Gy Gs



Control System Engineering > 6-18 Signal Flow Graph Representation

Individual feedback loops,

G1 Gz G2 G3
Ly =~G,GyH, Ly ==G,G3H,
Gs
G4
—Hy -H,  -H,
L3 =~G4H, Ly =+GgHH,

Loops L; and L3 are non touching loops.
A =[Ly+La+L3+Ls]+[LiL3]
= 1-[-G1G2H3 -G2G3H2 - G4H + GsH H2]+[G GG sH Hs)
Consider T, , all loops are touching .. A; =1
Consider T3, all loops are touching .. A;=1

. TF_T]A|+T2A2 _ GiGG3Gi- 1+ G Gs -1
T A -1+GlGzH3+GzG3H2+C4H|—G5H|H2+61C2C4H1H3
Cls) G1G2GaGy+G1Gs

R(s) 1+G1G2H3+G,G3H2+Gys H1-Gs HHH, + G, G2 G4 H, Hg

o)
R(s)

mmp Example 6.6 : Find by using Mason's gain formula.

Solution : Number of forward paths K =2
Mason's gain formula,

2
ZTKAK

TF. = K=1 =T1A1+T2Az

A A
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Th = G1G2G3Gy, T =G5 Gy
Individual feedback loops are,

G,
v L, =-GH,
—H,
G, G, Gy G,
@ Ly =~ G1G;G3G4H,
—H,
Gy
G,
L3 = - G5G4H2
—H,

L; and L3 are two non touching loops.

s A = 1-[Ly+L2+L3s]+[L; Lj]
=1-[-G2H, -G, G2Ga1 Gy H2 -Gs G4 H2]+[G2 Hy G5 G4 H,]
=1+G2 H; +G1 G2 G3 Gy H2 +Gs G4 Ha + G2 Gs Gg Hy Ha

For T, all loops are touching -
< A1 =1 eliminating all loop gains and products from A

Consider T,

L; is non touching to T,.

Az = 1-[Li}=1-(-G2H1)}=1+G2H,
Cs) _ T1A1+T2A2_G1C2C;G4'1+G5C4(1+C2H1)
R(s) A - A
C(s) _ Gi1G2GaGy+ Gy Gs(1 +-G2 Hy)

R(s) T 1+G H+ G G2G3Gy Ha+ Gs Gy Hz + G2 Gs Gy Hy Ha
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mmp Example 6.7 : Find%s_;
RO 3 S G % G G G

Solution : Number of forward paths = K = 1

T
TF. = -I—AA—]— .... Mason's gain formula

Ty = GiG2G3G1G;s
Individual feedback loops,

_H2
L1 = -G1H1 L2 = -GaHs L3 = "G1GstH2 L4 = —Gde Ls = _G5H5

Combinations of two non touching ioops,

i) LyandL, ii) L andls iii) L) andL,

iv) Lo and Ls v) LzandLs

Combination of three non touching loops, is L; ,L; and Ls.

A
A

1 —[Ll + L?_ + L3 +L4 +L5]+[L] L2+ L]Ls +L1L4 +L2L5 +L3L5l—[L1 Lst]

1+G1H+GaH3+G1 G2G3Ha+ G4 Hy +Gs Hs
+G1GsH, H3+G Gy H  Hy+Gi Gs Hy Hs +G3 Gs HaHs
+ Gy G2G3Gs Hy Hs + Gy G3 Gs Hy Ha Hs

Now considering T) =G; G2G31G4 G5
All loops are touching to this forward path hence,
A =1



Control System Engineering .. ., 6-21 » Signal Flow Graph Representation

C(s) _ T A _G1G2G3G4G5-1
R(s) A A

C(s) G1G2G3G4Gs

Rs) 1+G H1+G3Ha+G 1 G2G3H2+4G4Hy+Gs Hs
+G1GsHiH3+G, Gs HHHy+G,Gs H, Hs
+C3G5 Hi Hs + G, G2 G3Gs HaHs
+G1 G3G5 H] H3 Hs

1y Example 6.8 : Construct the signal flow graph for the following set of system equations.

Y2 = G1Y1+G3Y3 - (1)
Y3 = G4 Y] +Gz Yz +C5 Y3 (2)
Y.g = G6 Yz +G7 Y3 (3)

where Yy is output. Find transfer function )—Y(i .
1

Solution :  System node variables are Y; , Y2 , Y3, Y;
Consider equation 1 : This indicates Y, depends on Y; and Y;
Gy Yy Y3

Y1 S.F.G. for equation (1)

G

Consider equation 2 : This indicates Y3 dependson Y , Y, and Y3
G,

Gs

S.F.G. for equation (2)

Y, Y, Y3

G,

Consider equation 3 : This indicates Y3 depends on, Y3 and Y»

S.F.G. for equation (3)
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Combining all three we get, complete S.F.G. as shown,

No. of forward paths = K = ¢

4 Tk Ak _ T A +Th A +T3 A3+ThAy

TFE =
P 5

... Mason's gain formula
T=G1G2G7, T=G;3G7, T3=G) Ge, Ts =G3G3Ge
Individual loops are,

Gz G
L @ L 0 5
Gs

SELF LOOP

Li=G2Gs L2 =Gs
A= 1-[lLi+Lz] = 1-G2G3-Gs

No non touching loop combinations.

Consider Ty, both loops are touching A =1
T2, both loops are touching s Ay =1

Ta, for this “Gs' self loop is non touching, s Ay =1-Gs
Ay =1

T, both loops are touching

Gs
L, non touching to T,

4
g,

Yo _ TiM+TA+T343+4T; Ay
Y, A
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_ G]GzG7.1+G4C7.1+G1G6(1 —G5)+G4G 3G6.1
- A

Ys _ G1G2Gr+G,4 G7+Gi Go(1-Gs)+GaG3Ge
Y. 1-G2Ga-Gs

s Example 6.9 : Find )

R(s)

Gs 1 Cs)
Solution : Number of forward paths = K =1
2, T o T A
TE = X X = 2 3 : Mason's gain formula

T Gi1G2G3G4Gs

Individual feedback loops :

_HZ

Ly =-G: H; L =-G; G2 Hj La=-G4H; Li =-G>2G1Gy H,
Combinations of two non touching loops.

i)L) and L3 i) L, and L3

A= 1—[L|+L2+L3+L4] +[L1 L3+L2L3]
= 1+GH+G GHy+G Hy+GG3 Gy Hi +#G2Gy Hy H3 + G, G2 Gy Ha H;
Consider T = Gi1G2G3G4Gs All loops are touching . Ay = 1

C(s) T A _G1 G2G3 G4 Gs-1
Rs) A A
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Cls) _ G1G2G3Ge Gs
R(S) - 1+GZH|+G|G2H2+G4H3+GZG3G4H4
+ G2 Gy Hy H3+ Gy G2 G4 Ha Hj

., Cs)
¥ E le 6.10 : Find —
mip Example § R

Solution : Number of forward paths = K = 1

TF. = & AA ! ... By Mason's gain formula
T = G G2GaGy

Individual feedback loops

G,y
-H,
L3=-G4 Ha
Gs
. — - . SELF LOOP
G, G G,
L4=-G2G3G4 H, L5=Gs
Combinations of two non touching loops
i) Ly and L, ii) L and L3 iii) L, and Ls iv) Lo and Ls

Combination of three non touching loops.
i)L;,LrandLg
A= 1-[Li+Ly+ L3+ Li+1Ls] +[Ly Lo+ Ly Ly+ Ly Ls + L L] —[Li Lz Ls]
A=1+GH+G3H{+GH3+G2G3 G4 H2-Gs + Gy Ga Hy Hy
+G1 G/ H H3-G I HGs-G3 HGs -Gy G3 Gs H; Hy
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A =1 ... All loops are touching to the forward path.
C(S) _ T] Ay _Glc'_)G:\ G.;-]
Rs) = A A
Cis) _ Gi G2G3 Gy

Ris) 1+G H;+G31H;+G3 H3+G-G3Gs H2+G5+G; G H; Hy
+G|C4 H| 113—61 }‘l] G5—G3G5 H.;—Gl G3G5 l‘ll H;

C(s)

mmdp Example 6.11 : Find

L)

Solution : Number of forward paths = K =2

TF. = EA—'Z—ILA—Q ... By Mason's gain formula

Tl =G| Gz G3 G4 and Tg =G| G7 C.q,
Individual loops

+H1
C !+H2
Gy G, SELF LOOP
L|=+G3G|H| L2=+H2

No combination of non touching loops
A= 1—[L1 +L2] =1-G3GsH; —-H2

Consider T => both loops are touching Soby =
T2 = both loops are touching s A =1
C(s) _ TiM+Ta A2 _ GiG2GaG,; - 1+4G, GGy -1
R(s) ~ A B A
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Cs)  G1G2G3G4+G1 G7Gy

R(s) 1-GaGas H)-H2
L
nmp Example 6.12 : Find @
R(s)

Solution : Number of forward paths K = 2

i Tk Ak .
_Cs) _ k= _hisA+Ta A, " omi
'S - x = x ... Mason's gain formula

TF

T

Individual loops are

5.4.2.10 = 400 and Tz =1-10-2- 10 = 200

4 2 -1
-1 -2 SELF LOOP
Li=-4 L= -4 Lz =-1

Combinations of two non-touching loops are
i)L; and La and i) L2 and Lj
No combination of three non-touching loops :
A = 1-[Ly+Ls+La] + [L; La+L> L3}
= 1-[-4-4-1]+[4+4]=1+9+8=18
Consider T, , L3 loop is non touching

Ay = 1-Ly=1-[-1]=2

-]
[-
[
-
-]
(]

-1
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Consider T, ,L; is nontouching

_:_1,__. L, touching

1 L (Nontouching)

A 1-Li=1-[-4]=5
Cs)  Thia+TA;  400x2+200x5 500+ 1000
R(s) ~ A - 18 - 18

= 100

=) Example 6.13 : Find %—3 by Mason'’s gain formula.

_.H6

_.|--|3

Solution : Number of forward paths = K = 2

2
C(s) _ l<2=;l Tk Ax _hA+T 4, Mason's gain formula
R(s) A - A &

o 1 =GiGsGe G7Gs To=G1G2G3G,y Gy

Individual loops are,
-He G;
Ge —H3
L] =-G6H6 L2=-G3H3

Both L; and L; are non touching to each other.
A = 1-[Ly + L2]+[L L2]
1+G6 H6+G3 H3 +G3 Gg H3 H6
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Consider Ty , L2 is non touching

Gz G,
Gy
o A = 1—[.1 = 1+G6H6
. Cs)  TiMai+T Az
- R(s) ~ A
_ G1G5G6 GG (1+GaH)+G1 G2G3 Gy Gg (1+ G Hy)
- A
Cls) Gi1Gs Ge Gy G (1+G3 Ha)+ Gy G2 Ga Gy G (1+Ge He)
R(S)_ 1+GoH6+G3H3+C3G(,H3H6
. piq C(s)
hmp Example 6.14 : Find R

Solution : Number of forward paths = K =3
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3
C(s) : K§ 1 Tk Ak
R(s) ~ A

= hia+ TzAAz *Tads ... By Mason's gain formula

T] = C1C3(33G.;Gst
Tg = G|G207Gb

T3 = G G2 G3GyGs
Individual feedback loops are :

G, Gy Gg G, Gy G,  Gg
—H4 —‘_II Q—/
Hp
L1=—G.|I‘i.; L2=—CSG(,H| L3=—C2C3G465H:

Ly =-G2G7Ha- Ls =-G) G; G3 Gy Gs G Ha Le =—Gi1 G2 Gy Gg Ha
Gg

L7 =-G1 G2G31G4Gs Ha Lg = -Gs th
Combinations of two non touching loops are :
) LjandLy i) Lyandls iii) L; and Lg
No combination of three non touching loops
A = 1-[Li+ La+La+ Ly + Ls + L + Ly + La} + [y La+ Ly Ly + Ly L]

1+ GiHy + Gs Ge Hy + G2 Ga Gy Gs Hy + G2 G H,
+G16263C;G5G6”3 +G1G2G3G4Ga”:\ +G1GzC;G¢,H; +GaH,
+ G,; H; Gz G:’ H2+ Gz G7 Hz Gg H] + G.: H.| ;l Gg C7 Gb |13
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Consider T, all loops are touching .. A; =1
For T, , only L, is non touching.

A = 1-L; =1+G4H,
For T3, all loops are touching .. A3 =1
C(S) _ T] A+ A, +T3 As

T RE) T A
_ G] 6263 C4G5G6-1+G1 GzG7G6'(1+G4 H4)+G1 Gz G3G4 Ca-l
- A
Cls) _ G1G2G3G1Gs Go+ G G2G7 G (1+ Gy Hy)+ Gy G2G3 Gy G

R(Ss —71+G4 H4+G5C°H1+G2G3G4G5 Hz+GzG7H2
+G1G2G3G4Gs G Ha+G1 G2G3 Gy G Ha + Gy G2 G7 G Ha
+GgH1+G2G4G7H2 H4+G2G7G8H| H2+Gl G2G764G5H3H4

mup Example 6.15 : Using Mason’s gain formula, find the gain of the following system in
figure below.

Solution : The number of forward paths are K = 6

The forward path gains are,

Tl = GIG2GJI Tz = G4GsG6
T3 = G|G7G6, T4 = GdGBGS
Ts = GsGs(-H3)G1Ge, Tg = Gi1G7(-H;)GsG;y

The feedback loop gains are,
Li - -GH,La=-GH, La=+ G H G H:
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The two non touching loops are L, L,
Lil: = +GGs Hi H
1-[L; + L + L3 }+[L) L, ]

A=
= 1+ GsH, +G,H) —G;GgH H;, + G,Gs;H,H,
For T;, L, is non touching. —H,
< Ay = 1-Li=1+G H, 1 Q 1
WH
For T, , L, is non touching. Gy Ne-re™ Gy
2
Az = 1-Lz2=1+ Gz H; G, 3 Gg
5
For T, to T, all loops are touching to all forward 1 @ 1
paths. “h,

Az = Ag=As=A¢=1
YTeAx  NA + DA +T3A3 + 1A + T5A5 + TuA,

Gain = A = A
GIG:GJ (] + G_gl“ll ) + GIGSG!’ (l + Gz}‘lz )+
_ 61GyGg + G4GyGj —G4GyGyGeHs — G, G5 G Gl
Gain = G+ Gy, = GG, T, 7 GG, - Ans

mmp Example 6.16 : Obtain the overall transfer function of the system shown by block
diagram, using signal flow graph technigue.

Gy

R(s) ~ Gy

G, + C(s)

Solution : Name the various summing and take off points to draw the signal flow graph
as shown,
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$4

R(s) >

Input + 4

» C(S)
L Output

o Output

Forward path gains are,
Th =G G2 T2 = G3aG,
The various loops are,

Li =-Gi G2 Ha L =-G2GaH: L3 =-G2H,
No combinations of non touching loops.

A =1-[Lj+La+L3)= 1+G; G:H,+G2G3H+ G2 Hy
For T, Al loops are touching, .. 4; =1

For To, All loops are touching, .. A;=1

According to Mason's gain formula,

Cs)  Thia+ThA
R(s) ~ A

C(s) = G1G2+G2G;
R(s) 1+GyG2H2+G2G3H2+Ga2H,




i
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mup Example 6.17 : Determine the transfer function for the block diagram shown below by
Mason’s gain formula.

S.
+ t; t.
Q& Q—1—=ce

R(s}) 1

The forward path gains are,
Ti = GGG, T =Gy
The various loop gains are,
Li = -GGH L=-GGH:
La = - GIGGs =-Gy
and Ls IxGiXx1xXx-H)xGx-H)=G:G H H,
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No combinations of non touching loops,
A= 1-Li+L+Li+Li+L]=1+GGH;
+G G Ha + G1 G2 Gs + Go— G2 Go Hi Ha
All the loops are touching to T; to Tz hence,
Ay = Az=1
Using Mason's gain formula,

C(s) _ A +TeA;
R(s) A

C(S) _ G:GzG3 +Gy
R(s) - 1+G;GH, +GzG3H2 +G;GzG3 +Gy —G;G.-;Hle

iy Example 6.18 : For the signal flow graph of figure below, determine the transfer function
C(s)/ R(s) using Mason'’s gain formula.

R(s) o 1 o C(s)
]
Solution : Number of forward paths K=4

T = 1-G;-G2:1=G1 G»

T = 1-G3-G4-1=Ga Gy

T3 = l-Gl'Gs'G4'1=G| GﬁG-I

T.| = 1'G3'G5'G2'1=Gzc3 Gs
Individual loops are i

L, = -G2H,, L2=-GaH;, L3=GsGeg

Li = -G; H) Ge, Ls =~ Gy Gg H2
Combinations of two non touching loops are '

i) L| and Lz

ii) No combination of three non touching loops
A= 1—'(L| +La+L3+Ly +L5)+(L| Lz)

=1-[(-G2 Hi =Ga H2+G;5 G¢ -Gy Ge H; -G Gs Ha)J#{(- G2 Hi)(- G3 H2)]

Mt
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A= 1+Cz H, +C:; Hz—Gs Ge+G, G(, H] +G1 G(, Hz +Gz Ga H, H;’_
For all the forward paths all the loops are touching hence

C(s)  ITTkAx _ Tidi + A2+ T3A3 +Tyhy

Hence R(s) = A A
C(S) - Gl G2+G3 G4+Gl G(, G4+Gg G3 Gs
R(s) 1+4Ga Hi+Ga Ha =G5 G +Gs Gg Hy +G1GsH2 + G2GsH H2 - (2)
C(s)

n E le 6.19 : Find ——
mp Example 6.19 : Find RE) (M.U. : May-97)

1 C(s)
]

Solution : Number of forward paths = K = 2

C(b) _ T] Al +T2 A2
R(s) A

.- Mason’s gain formula

Tl = C]CZG:.; and Tz = C.;GSGG
Individual feedback loops are,

-H, -H, -H; Gs
L1=—GlH1 Lz=—sz‘{z L3=—C3H3 L4=—GsH4
Combinations of two non-touching loops
i) Liand L; i) LandL, iii) L;andL, iv) LyandL,

Combinations of three non-touching loops — L; , L3 and L,.

A =1dLi+La+La+Ly]+[LiLa+Li Ly + Ly Ly + L3 Ly ]-[Li L3 L4]
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R MO AR -
Consider T), For this "L4' is non-touching

Gq A = 1-[Lyl=1+Gs Hy

. Ay = 1-[Ls+Ls]
=1+G2112+G3H3

) _ T A +T A

R(s) A

C(s) _ G1G2Ga(1+Gs H))+ Gy Gs G (1+ Gy Ha +Ga Hj)
R(s) - [1+GIH+GHa+G3H3+ G511, + G, G3 Hy 112 +G; Gs Hy Hy
+G2 G5 l‘lz H..;+G3 G5 H3 I’[4+G| C3 G5 H, .H:; H;]

sy Example 6.20 : Find the value of C(s). (M.U. : May-07, Dec.-06)
U(s)
R(s) 1 G, G, 1 C(s)
H, H,
W(s)

Solution : As system has three inputs, considering each input separately,
Assuming U(s) = W(s) = 0, S.F.G. becomes,

T = GG
and Ly = Gy G2H, H2 Hy H,

R(s) 1 Gy G, 1 C{(s)

Mt
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Using Mason's gain formula,

A=1-[L] = 1-G;G,H,H>
A, = 1 asloop is touching to Ty
- Cs) _ Ty Ay _ G1 G,
R(S) - A _1—G1G2H|Hz
N G G2
Ce) = RE) [1-61 G H, Hz]
Assume Uis) = Ris)=0

~ SE.G. becomes as shown in following figure

Ti = HHG G2
L = H:H G G
A=1-1, =1-G; G2 H; H;
M =1
Cs) _ Tl . HiG G
WE) 2 "1-G G.H H;
Cls) = W) [1-21 (G;; Sl, Hz]
Assume R(s) = W(s) =0
T = G2
L = G:-H H:6G
A=1-L; =1-H H.G G»
A =1
C(s) - T & - Ga-1 .
U(s) A 1-G, G2 H, Ha
cE = V) [I—G. g; i Hg]

Total output is combination of all three individual output.

Cs) =

Gi1 Gz R(s)+ H; G; G2 W(s)+ G- U(s)

1-G; G, H; H,

(1)

W(s)

(2

U(s)

- (3)
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map Example 6.21 : Construct the signal flow graph for the following set of simultaneous
equations.

X2 =An X1 +A3 X
X3 = A3 X1 +A3 X3 + A X3
Xe =Ap X2 +Agi X3 (M.U. : Dec.-96)

Solution : The value of the variable is the algebraic sum of all the signals entering at the
node, representing that variable. The variables are X; , X2 , Xa , X; while the gains are
An,An,Axn, Axn, Axu, Ap and Ay,

So selecting nodes representing variables and simulating differential equations.

Xy An X3 X3
° \ Vs , ... Equation (I)
Az
Az Az
X A
X4 2 32 3 ... Equation (1)
A
Xy X3 As Xa ... Equation (II)

i)

{M.U. : Nov.-95)

Mt
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Sqlgtion ¢ i) Forward paths K = 1
Forward path gain T} = G; G2

Individual feedback loops are
G, G, Q_H'
:‘Hz Self loop '
Li= -G G Hy Ly = - H,

There is no non touching loop combinations.
A=1-[Li+L] = 1-[-Gi1 G2 Hy—~Hy] = 1+G; Ga Hp + Hy

Both the loops are touching to the forward path

Ay =1
Using Mason’s Gain Formula
Cls) _ T _ G G2
Rs) ~ A  1+G; G H;+H,

ii)

Solution : Forward paths K = 1
T = Gi1G2G3Gy
Individual feedback loops

G, G, Gy

—H,

Li=-G4 Hy La=-G3 G4 H;

Mt
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G, G, G, G, G, Gy, G
..H2
_H1
Li= - G2G3 Gy Ha L =-G,G2G3G,a

All loops are touching each other, no combination of non touching loops
Ay = 1-[Li+La+La+Ly]
= l+C4 H;+C;;G4 H3+GzG3G4 112+Cl CzG3G4 Hl

All the loops are touching to the forward path hence A =1

C(s) _ T & G1G2G3 Gy

Rs) A  1+GyHy4+G3G4H3+G,G3G, Ho+G G2 Ga Gy Hy

ifi)

Solution : Forward path K = 1
i = GiG2G3Gy
Individual feedback loops are

-, G,
Gy G, -H

Li = -G; G2 Ha L, =-G2 H;

G, G G, Gs
: : = 3

L3= -G2G3Gq4 H; Ly =-G4Hs
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The loops L, and L, forms combination of two non touching loops. Similarly L; and
L4 also forms combination of two non touching loops.

Li Ly

G G2Gy 1‘i3 Ha
A

1-[Li+L2+ L3+ Ly ]+[LaLs+ Ly Ly]
=1+G G Ha+ G +G2GaGi+Hi Gy Hy+ G2 Gy Hy Ha+ Gy Gy Gy Ha Hj

All loops are touching to forward path hence A; =1

C(S) _ T1A1
RE) A

Cls) _ G1 G2Ga G, _ )
Rs) 1+G G 1L+G 14 +G GG H+ Gy Ha+ Gy Gyt Ha+ Gy G2 Gy H- H

i Example 6.23 : Uise Mason’s Gain Formula to obtain % of the system shown below.

R(s) C{s)

=
Y/

(M.U. : Jan-92)

Solution : Name all the summing and take off points and assuming cach as a scparate
node draw the signal flow graph.

R(s) ty t2 y 3 C(s)
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Number of forward paths K = 2
Forward path gains T =G G2G3 T:=G;G
Individual feedback loops are

G, 1 G, *Hy @
-1
L|=+G1G2 L2=G2G3Hz L-;q,'—:'—Cl Gz(;:;

G, '
-H, +H, -H,

L5=—G|G2G.lh H: L¢.=—G| Gzl‘h

Ly = Gy G2 G, T

There is no combination of nontouching loops.
A= 1-[Li+Ly+L3+Ls+Ls+Le+Ls]
All loops are touching to both the forward paths
.. Eliminating all loop gains from A we get,
Ay = Ay =1
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. Using Mason’s Gain formula,

C(S) _ T] A] + Tg Ag
R(s) A

C(ﬁ) - G] G _S;‘g + (E] G.;
Re) 1-G G -GG H+G G G+G G +G G G Hy Ha +G G Hy -Gy G; Gy Ha

P - - —_— R e

nmp Example 6.24 : Draw the signal flow graph and hence obtain the transfer function of the
system shown below. (M.U. : July-91)

Solution : Name all the summing and take off points as shown below and representing
each separately as a node draw the signal flow graph.

-
R(s) s 82 4 53 t 84+ 3 Cfs)
HEFI AR

Number of forward paths are K = 2

Forward path gains are
i = G G2G3

T = Gy

My !
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Individual feedback loops are

Gd
-H, —H, ~H, -H;

Ly = -Gy Gy I L, =~-G2G3 Hy Li=+G2 Gy Hi H;
G,
1 1 G, G, G, 1 1 1 1
< i 7
Ly =-G; G2Ga Ls = -Gy

There are no combination of non touching loops
A = 1-[Ly+Ly+La+Ls+Ls]
All the loops are touching to both the forward paths
Ay = Ay =1

~. Using Mason’s gain formula
Cis) ThA+T4A:

R(s) A

—

_ - Gi1 G2 Ga + G, N
- 1+G1 G2 Hy +Gs G3 H> +Cl Gz Ga +Gy— G2 Gy Hy H

nmp Example 6.25 : The small signal equivalent circuit of a common emitter transistor
amplifier is shown below. The transistor amplifier includes a feedback resistor R;. Obtain a
signal flow graph model of the feedback amplifier and determine the input-output ratio
(Ve / Vin). {M.U. : Dec.-96)

._\I ‘ I:rll
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Solution : Let input current be i;, and load current be i.

A H
lin
Vin (™) Ry
;
E I
Atnode B, i +if = ip .. (1)
Apply KVL to loop ABCDEA ,
Vin = din Rs+hjeip +hee Ve . (2)
Substituting iin = ip —if from (1) in (2) we get
Vin = (ib—if) Rs +hicip + hye Vee
Vin = ip(Rs+hie) =15 Rg + hye Ve .. (3)
The output equation is
Vee = 1L R . (4)
At node G,
ic+ig+ip = 0 .. {5)
ir = —(ic+i) substitute in (4) we get
Vee = —(ic+if) R .. (6)
Now ic = 1 +Pip
and ii = hg Ve as h . is admittance
ic = hge Ve +B ip . (7)
Substituting (7) in (6) we get
Vee = - [hee Vo+Biv+if]RL .. (8)
Applying KVL to the loop GBCDIG
it Re+iphijethee Vee= Ve =0
ie. Vee = i Rf+ip hje + e Ve ... {9)

._\I \ I:rll
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Now the different variables are
Vin = mput Vee = output
and i¢ , ip are intermediate currents.

To sketch the signal flow graph let us obtain the equations for ip, iy and V. Vi, is
input hence no equation for V;, is expected.

From (3) we can write equation for i, as

b (R, + hie)

1 V. o+ R oo he
Re+hy) ™ Re+hi) | (Rs+hio)

Le. ib Ve ... (10)

This can be simulated by signal flow graph as

Rf —
(Rg + hye)

From (8) we can write equation for i as,
_hoe Ry Vcr: _BRL b — Vce

If =

RL
~(1+hgy R ,
1.€e. if = ( +R10 L) Vce -—B b (11)
L
This can be simulated as
Iy —$ i Vee
- (1 +heR)
Ry

Equation (9) is directly the output equation

Ve = if Rf + ib hie + hw Ve
: _ R ). hie ). 12
i.e. Ve = [l_hre)l['i'(l_hm)lb .. (12)

My '
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This can be simulated as,

Combining all three signal
obtained as,

6-47 Signal Flow Graph Representation

The forward paths are K = 2

T =

e
Rs * hie

Forward path gains are,

_BRf hie

Individual feedback loops are,

Ry | ~

Li = L, =

(Rs + hio) (1 - hre)

B o v

(1+ hme RL) -hre
R (Rg + hie)
- R (1+ hee Rp) L. = +BR; hye
(1-he)RL P T R: +hi) (- h)

Myt
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=)

=

[ R, ] ~{(1+h, R))

Rs;"'hi.e F(L
L, = ""hie hrc [« = "'Rf hie(l""hne RI)
P T Re+hi) (- Ny ® T RL (Rs + hio) (1= hige)

A=1-[L1+Ly+L3+Ly+Ls]
As there are no combinations of two nontouching loops.
All the loops are touching to both the forward paths .. A; = A; =1

~ According to Mason’s gain formula
Ve = T AI+T7 A

Vin A
Simplifying A ,
_ B R¢ Rf(1+hoe Rp)
A= 1+(Rs+hio)+ RL(l-hre)
BRf hre hue hre Rf hip(l"'hoe RL)

B (Rs + I ie) (1 ~h re) N (Rs + h ia:) (1 - h rc)+ RL (Ra + h ie) (1 —h l‘t‘)

[RL (Rs + hie) (1 - hre) + B Ry Ry (1 - hee) + Ry (1+ hge R)(Rg + hie)

_ —ﬁ Ry hee R, +hie he R, + R; hic (1 + hoe RL)I
IRL (Rs + hie) (1—hy)]

~ A

A = Rf (1+hoe RL)(RS +2hie)+RL [Rs (1 "hrc)+hiol+ﬂRf RL (1 "'Zhre)
- Ry (Rs+hie)(1-hy)

"’BRI+hie
. Ve _ B +Ri)(1-hyo)
" Vin A

_ hie RL"BRf Ry
- Rf (1+hoe RL)(RS +2hie)+RL [Rs (l—lire)"'hie]"'BRf RI (I“Zhre)

In practice for analysis of such network the values of h, and h,. are neglected.

:. Simplified ratio < neglecting h oe and . is

Myt
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Vee _ hie Rt =B R¢ Ry
vin Rf (Rs +2h ie)+ RL (Rs + hic) + ﬁ Rf RL

ey Example 6.26 : Find T.F. for the given network, using Mason's gain formula

(M.U. : May-97)

C
}
I

R,

|

J
1’

R, V, Lead
Solution : Laplace transform of the given network is,
1/sC
;: «— Parallel R,
1+ sR,C
R,
AN

\l/.{S) R; llo(s) V{s) s) ) Ry  Vs)

Z _ R] XE _ RI
€ - R, + i 1+R, Cs
17$C

_ (Vi—Vo) _ 1+sR; C

Ks) = —z = Vi - Vo) - R,

Vo(s) = IKs) Rz
For equation (1) : S.F.G. is, For equation (2) : SF.G. is,
- 1+sR,C

R
i 0_—‘.—\.——/% ls)o——s"—0 V(s)

(1)

)

Mt
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Combingd SF.G.

2
7.8

1+35R,C
=
Use Mason's gain formula. Number of forward path =K =1

R2(1+SR1 C)
T = —m—m————
Ry

_ Rz((1 +sRy C))

Individual loop L, R

Ra2 (1+sRC) _ Ri+Ra(1+sRk; Q)
R| B R;

A=1-[L] =1+

AsLy is touching to Ty, Ay =1

Vols) _ T A
Vi (S) - A
Vols) Rz (1+sR; Q)

Vi(S)’ - R1 +R2 (1+ SR] C)

nmp Example 6.27 : Draw the signal flow graph for the following network and find the
Vo(s)

tr (1! .
ansfer function Vis)

C

C,
Ii(t) R; % Ry % Io(t)

L

Solution : Convert the given network in its laplace form and assume different loop
currents and node voltages as shown.

L
sC,

4
v, SC
|
R R
I 1 l:) 2 1/0(5)

\l/.(s)

Mt
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Writing down equations for I; , Vi , 12, V, we get,
Vi - Vi)

L = T=SC1 (Vi =Vo)
sCr

Vi = (h-I2)Ry
Vi -V,

L= 0w
sC2
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