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1

Basics of Control System

1.1 Background

In recent years, concept of automatic control has achieved a very important position in

advancement of modern science. Automatic control systems have played anan important role

in the advancement and improvement of engineering skills.

Practically, every activity in our day to day life is influenced by some sort of control

system. Concept of control systems also plays an important role in the working of space
vehicles, satellites, guided missiles etc. Such control systems are now integral part of the
modern industrialization, industrial processes and home appliances. Control systems are

found in number of practical applications like computerised control systems, transportation

systems, power systems, temperature limiting systems, robotics etc.

Hence for an engineer it is absolutely necessary to get familiar with the analysis and

designing methods of such control systems.

This chapter includes the concept of system and control system. Then it gives the

classification of control systems. It includes the discussion of various types of control

systems supported with number of real time applications.

1.2 Definitions

To understand the meaning of the word control system, first we will define the word

system and then we will try to define the word control system.

System: A system is a combination or an arrangement of different physical components which
act together as an entire unit to achieve certain objective.

Every physical object is actually a system. A classroom is a good example of physical

system. A room along with the combination of benches, blackboard, fans, lighting
arrangement etc. can be called a classroom which acts as an elementary system.

Another example of a system is a lamp. A lamp made up of glass, filament is a

physical system. Similarly a kite made up of paper and sticks is an example of a physical

system.

Similarly system can be of any type i.e. physical, ecological, biological etc.

(1-1)
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In such system, output or part of the output is fedback to the input for comparison

with the reference input applied to it.

Closed loop system can be represented as shown in the Fig. 1.12.

Error detector
Forward path

r(t) e(t) m(t) c(t)
Command

input
Reference
transducer

Controller
Process to be

controlled

Controlled

output

Reference

input

土

-Error signal e(t)

b(t)

Feedback

element
Feedback signal

b(t) Feedback path

Fig. 1.12 Representation of closed loop control system

The various signals are,

r(t) = Reference input e(t) = Error signal

c(t) = Controlled output m(t) = Manipulated signal b(t) = Feedback signal

It is not possible in all the systems that available signal can be applied as input to the

system. Depending upon nature of controller and plant it is required to reduce it or

amplify it or to change its nature i.e. making it discrete from continuous type of signal etc.
This changed input as per requirement is called reference input which is to be generated
by using reference transducer. The main excitation to the system is called its command

input which is then applied to the reference transducer to generate reference input.

Practically many electronic integrated circuits work on the d.c. voltage range of

5 to 10 V. The supply available is 230 V a.c. Hence the reference input voltage in the range

of 5 to 10 V d.c. is obtained from the command input 230 V a.c. and proper rectifying unit.

The part of output, which is to be decided by feedback element is fed back to the

reference input. The signal which is output of feedback element is called 'feedback signal'
b(t).

It is then compared with the reference input giving error signal e(t) = r(t) ± b(t)

When feedback sign is positive, systems are called positive feedback systems and if it

is negative systems are called negative feedback systems.

This error signal is then modifiéd by controller and decides the proportional
manipulated signal for the process to be controlled.

This manipulation is such that error will approach zero. This signal then actuates the
actual system and produces an output. As output is controlled one, hence called controlled

output c(t).

|
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1.5.1 Advantages

The advantages of closed loop system are,

1) Accuracy of such system is always very high because controller modifies and

manipulates the actuating signal such that error in the system will be zero.

2) Such system senses environmental changes, as well as internal disturoances and
accordingly modifies the error.

3) In such system, there is reduced effect of nonlincarities and distortions.

4) Bandwidth of such system i.e. operating frequency zone for'such system is very
high.

1.5.2 Disadvantages

The disadvantages of closed loop system are,

1) Such systems are complicated and time consuming from design point of view and
hence costlier.

2) Due to feedback, system tries to correct the error from time to time. Tendency to

overcorrect the error may cause oscillations without bound in the system. Hence

system has to be designed taking into consideration problems of instability due to
feedback. The stability problems are severe and must be taken care of while

designing the system.

1.5.3 Real Time Applications of Closed Loop System

1.5.3.1 Human Being

The best example is human being. If a person wants to reach for a book on the table,

closed loop system can be represented as in the Fig. 1.13.
Position of the book is given as the reference. Feedback signal from eyes, compares the

actual position of hands with reference position. Error signal is given to brain. Brain
manipulates this error and gives signal to the hands. This process continues till the

position of the hands get achieved appropriately.

Reference

position
of book

Input e

Brain Hands
Desired

position
of the hands

Eyes

1.5.3.2 Home Heating System
Fig. 1.13 Human being

In this system, the heating system is operated by a valve. The actual temperature is

sensed by a thermal sensor and compared with the desired temperature. The difference

between the two, actuates the valve mechanism to change the temperature as per the
requirement.

110
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Desired +

Valve
temperature

Heating
system

House

temperature

Temperature
sensor

Fig. 1.14 Domestic heating system

1.5.3.3 Shlp Stabilization System

In this system a roll sensor is used as a feedback element. The desired roll position

Ship stabilisation system

Ship

Fins

Sea water

level

Roll position

is

Fig. 1.15 Ship stabilization system

selected as 0, while actual roll position is 0 which is compared with 0, to generate

controlling signal. This activates fin actuator in proper way to stabilize the ship.

Desired roll

e

Actual controlled roll
Fin

Ship
actuator ec

Roll
sensor

1.5.3.4 Manual Speed Control System

Fig. 1.16

A locomotive operator driving a train is a good example of a manual speed control
system. The objective is to maintain the speed equal to the speed limits set. The entire

system is shown in the block diagram in the Fig. 1.17.

Ol
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Brain Hands

Speed

limit

Control

action
Actuator

Vehicle

mechanism

Actual

Speed

1.5.3.5 D.C. Motor Speed Control

Sensor

Eyes

Fig. 1.17

Comparator

Potentiometer

+ Amp

Viin

+0

Field current

constant

M

Shaf

Tachometer

coupling

Load

T

For

speed
feedback

Tachometer

Fig. 1.18 Speed control system

The D.C. shunt motor is used where field current is kept constant and armature

voltage is changed to obtain the desired speed. The feedback is taken by speed tachometer.
This generates voltage proportional to speed which is compared with voltage required to
the desired speed. This difference is used to change the input to controller which

cumulatively changes the speed of the motor as required.

+ Error

Amplifier Armature Load
Desired Actual

speed speed

Tac ometer

Fig. 1.19 Speed control system
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1.5.3.6 Temperature Control System

1-14 Basics of Control System

The aim is to maintain hot water temperature constant. Water is coming with constant

flow rate. Steam is coming from a valve. Pressure thermometer 'P' is used as a feedback

element which sends a signal for comparison with the set point. This error actuates the

valve which controls the rate of flow of steam, eventually controlling the temperature of
the water.

Set

point
Comparator Water inlet

Desired

temperature

Steam

flow

Valve

P

Output valve

Hot water

Fig. 1.20 Temperature control system

+
Steam

Valve Process
flow

Actual

temperature

Pressure

thermometer

1.5.3.7 Missile Launching System

Fig. 1.21

This is sophisticated example of military applications of feedback control. The enemy

plane is sighted by a radar which continuously tracks the path of the aeroplane. The

launch computer calculates the firing angle interms of launch command, which when

amplified drives the launcher. The launcher angular position is the feedback to the launch

computer and the missile is triggered when error between the command signal and missile

firing angle becomes zero. The system is shown in the Fig. 1.22.

1.5.3.8 Voltage Stabilizer

Supply voltage required for various single phase appliances must be constant and high
fluctuations are generally not permitted. Voltage stabilizer is a device which accepts
variable voltage and outputs a fixed voltage.
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Tracking
control

Launch

computer

Flight path

Launch

command
Power

ampirfier

Calculaled missile path

Lead angle

Feedback

Launcher

Actual

position

Fig. 1.22 Missile launching system

Principle of such stabilizer is based on controlling number of secondary turns as per

requirement to increase or decrease the output yoltage. The actual output voltage is sensed

by a transformer and potential divider arrangement. The reference voltage is selected
proportional to the desired output level. The actual output is compared with this to

generate error which in turn is inputted to the controller. The controller takes the proper
decision to increase or decrease the number of turns so as to adjust the output voltage.
The scheme is shown in the Fig. 1.23.

Input

0
0
0
0

B

Up

ANormal

Down

N

Controlled signal

Controller

and

relays

Error

2
0
0
0
0
r

Reference

voltage

Isolation transformer

Fig. 1.23 Voltage stabilizer

To load

constant voltage
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The other examples of closed loop system are machine tool position control,

positioning of radio and optical telescopes, auto pilots for aircrafts, inertial guidance
system, automatic electric iron, railway reservation status display, sunseeker solar system,

water level controllers, temperature control system. So in closed loop feedback control
systems cause and effect relationship between input and output exists.

1.6 Comparison of Open Loop and Closed Loop Control System

Sr.

No.

1.

2.

Open Loop

Any change in output has no effect on the

input i.e. feedback does not exists.

Output measurement is not required for

operation of system.

3. Feedback element is absent.

4. Error detector is absent.

5. It is inaccurate and unreliable.

6. Highly sensitive to the disturbances.

7.

8.

9.

10.

11.

Highly sensitive to the environmental changes.

Bandwidth is small.

Simple to construct and cheap.

Generally are stable in nature.

Highly affected by nonlinearties.

1.7 Servomechanisms

Closed Loop

Changes in output, affects the input which is

possible by use of feedback.

Output measurement is necessary.

Feedback element is present.

Eror detector is necessary.

Highly accurate and reliable.

Less sensitive to the disturbances.

Less sensitive to the environmental changes.

Bandwidth is large.

Complicated to design and hence costly.

Stability is the major consideration while

designing

Reduced effect of nonlinearities.

Definition: It is a feedback control system in which the controlled variable or the output is a

mechanical position or its time derivatives such as velocity or acceleration.

A simple example of servomechanism is a position control system. Consider a load
which requires a constant position in its application. The position is sensed and converted

to voltage using feedback potentiometer. It is compared with input potentiometer voltage
to generate error signal. This is amplified and given to the controller. The controller in

turn controls the voltage given to motor, due to which it changes its position.
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The scheme is shown in the Fig. 1.24.

Error

voltage
Amp.

θ

Reference

position

시

1
0
0
0
0

1-17 ! Basics of Control System

Field current

constant

G M

Shaft

Gears

Generator Motor

Actual

position

B

Input

potentiometer

Feedback

potentiometer

Fig. 1.24 Position control system

Load

Few other examples of servomechanisms are,

1) Power steering apparatus for an automobile.

2) Machine tool position control.

3) Missile launchers.

4) Roll stabilization of ships.

1.8 Regulating Systems (Regulators)

Definition: It is a feedback control system in which for a preset value of the reference input,

the output is kept constant at its desired value.

In such systems reference input remains constant for long periods. Most of the times
the reference input or the desired output is either constant or slowly varying with time. In

a regulator, the desired value of the controlled outputs is more or less fixed. Similarly the

reference input is also fixed and called set point. Thus the regulator maintains a constant

output for a fixed reference input. The problems due to disturbances are mainly rectified

by the regulator. A simple example of such regulator system is servostabilizer. We have

seen earlier that in voltage stabilizer position of tap on secondary is adjusted by using

relay controls. But instead of fixed tap, the entire secondary can be smoothly tapped using

Ol
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a servomotor drive. The servomotor drives the shaft and controls the position of tap on

secondary as per the controller signal. Due to the fluctuations in the main input if the load

voltage changes, such effects are rectified by the regulator to keep load voltage constant.

The actual scheme is shown in the Fig. 1.25, while its block diagram representation is

shown in the Fig. 1.26.
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input

Feedback
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0
0
0
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0
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0
0
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::
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Feedback Error

Controller
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Reference

input

Fig. 1.25 Regulating system
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Error
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voltage
Controller
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motor
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Fig. 1.26
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Few other examples of regulating system are,

1) Temperature regulators.

2) Frequency controllers.

3) Speed governors.

1.9 Feedback and Feed Forward System

In the control systems considered uptill now, it is considered that the disturbance has

affected the output adversely. Such- an output is measured and compared with the

reference input to generate an error. This error is fed to the controller which is

successively operating the system to correct the output.

Thus such systems in which the effect of the disturbance must show up in the error

before the controller can take proper corrective action are called feedback systems.

If the disturbance is measurable, then the signal can be added to the controller input

to modify the actuating signal. Thus, a corrective action is initiated without waiting for the

effect of the disturbance to show up in the output i.e. cumulatively in the error. Thus the

undesirable effects of measurable disturbances by approximately compensating for them

before they affect the output. This is much more advantageous as in normal feedback
system the corrective action starts only after the output has been affected.

Key Point: Such systems in which such corrective action is taken before disturbances affect
the output are called feed forward system.

A block diagram with feed forward concept is shown in the Fig. 1.27.

Feed forward

block

Disturbance

Reference

input Output
Controller Actuator Process

Fig. 1.27

The two difficulties associated with feed forward system are,

i) In some systems, the disturbance may not be measurable.

ii) The feed forward compensation is an open loop technique and if actuator transfer

function is not known accurately, then such compensation cannot be achieved.
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Control system: To control means to regulate, to direct or to command. Hence a control

system is an arrangement of different physical elements connected in such a manner so as to

regulate, direct or command itself or some other system.

if

For example, if in a classroom, professor is delivering his lecture, the combination

becomes a control system as; he tries to regulate, direct or command the students in order

to achieve the objective which is to impart good knowledge to the students. Similarly

lamp is switched ON or OFF using a switch, the entire system can be called a control
system. The concept of physical system and a control system is shown in the Fig. 1.1 and

Fig. 1.2.

Lamp

Switch

Supply

Lamp

Fig. 1.1 Physical system Fig. 1.2 Control system

When a child plays with the kite, he tries to control it with the help of string and

entire system can be considered as a control system.

In short, a control system is in the broadest sense, an interconnection of the physical

components to provide a desired function, involving some kind of controlling action in it.

Plant: The portion of a system which is to be controlled or regulated is called the plant or
the Process.

Controller: The element of the system itself or external to the system which controls the plant

or the process is called controller.

For each system, there must be an excitation and system accepts it as an input. And

for analyzing the behaviour of system for such input, it is necessary to define the output
of a system.

Input : It is an applied signal or an excitation signal applied to a control system from an

external energy source in order to produce a specified output.

Output: It is the particular signal of interest or the actual response obtained from a control

system when input is applied to it.

Disturbances: Disturbance is a signal which tends to adversely affect the value of the

output of a system. If such a disturbance is generated within the system itself, it is called

an internal disturbance. The disturbance generated outside the system acting as an extra

input to the system in addition to its normal input, affecting the output adversely is called
an external disturbance.

Control systems may have more than one input or output. From the information

regarding the system, it is possible to well define all the inputs and outputs of the
systems.
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1.9.1 Real Time Application of Feed Forward System

Basics of Control System

In a particular process control industry, it is necessary to maintain the temperature of

a molten metal constant before giving it to the next process. For this a general temperature
control feedback system is used as shown in the Fig. 1.28.

Valve

Steam

Storage
tank

Inlet

Controller

L

Temperature
sensor

Feedback

Constant

temperature
Outlet

required

Heat

exchanger

Fig. 1.28 Feedback system for temperature control

Practically if the rate of flow of metal from tank to heat exchanger gets disturbed, due

to change in level then the temperature gets affected. But it takes a long time to see its

effect at the output to take the corrective action.

Key Point: In feedback system, the corrective action can not be taken unless and untill output

gets disturbed.

Due to the time lag, it is not possible to keep the output temperature constant within
limits.

In such a case, feed forward system is used. The inlet flow rate is measured with the

flowmeter. Immediately when there is a change in rate of flow, it is indicated to the

controller through flowmeter before it is going to disturb the output. The controller takes

the corrective action in advance by adjusting the steam flow. Thus the output temperature

gets maintained within the limits.constant

Key Point: The feed forward compensation, compensates the effect of disturbance before it
actually disturbs the output.

The system is shown in the Fig. 1.29 (a) while its block diagram representation is

shown in the Fig. 1.29 (b).

The feed forward minimizes the transient error due to measurable disturbances. While

feedback compensates for unmeasurable disturbances and other effects. Thus it is advisable

to incorporate both feedback and feed forward schemes in a system.
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(a) Feed forward system
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Fig. 1.29 Practical example of feed forward system

1.10 Multivariable Control Systems

The control system in which there is only one output of the interest is called single

variable system. But in many practical applications more than one variables are involved.

A control system with multiple inputs and multiple outputs in called a multivariable

system.

The block diagram representation of a multivariable control system is shown in the

Fig. 1.30. The part of the system which is required to be controlled is called plant. The
controller provides proper controlling action depending on the reference inputs. There are
n reference inputs r, r2,........ In.

There are n output variables C1(t), c2(t),.........cn(t). The values of these variables

represent the performance of the plant. The control signals produced by the controller are

applied to the plant. With the help of feedback elements the closed loop control of the
plant is also possible. Due to the feedback, the controller takes into account the actual

output values to decide the control signals.
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Fig. 1.30 Block diagram of multivariable control system

In case of multivariable systems, sometimes it is observed that a single input

considerably affects more than one outputs. The system is said to be having strong

interactions or coupling. This coupling is nothing but the disturbances for the separate
systems. The interactions inherently present between inputs and outputs can be cancelled

by designing a decoupling controller. Thus the resulting multivariable system is

considered to have proper number of single input single output systems and the controller

is designed for each system. The another way is to design a controller which will take care

of all the inherent interactions present in the multivariable system.

In multivariable linear control system, each input is independently considered. Only
one input and one output is considered and the total effect on any output because of all

the inputs acting simultaneously is determined by addition of the outputs due to each

input acting alone. Thus law of superposition is used to analyse multivariable linear
control systems.

In many practical control systems, control is achieved by more than one input and the

system may have many outputs. In chemical processes simultaneous control of pressure,

temperature and concentration is required by commanding various inputs. Air crafts and
space crafts are other examples where movement is controlled by various inputs. Power
generators, atomic reactors and jet engines are some of other examples of multivariable

systems.

Consider the block diagram of multivariable autopilot system shown in the Fig. 1.31.

The system shown in the Fig. 1.31 keeps a track of rocket vehicle in response to

reference inputs given to it. The pesition, velocity and acceleration of the vehicle are fed to

the digital controller using motion sensors. The controller takes appropriate decision and

sends a controlling signal which will drive the actuator, which will move the engine. Thus

there are three output variables which art to be observed and controlled and there are

corresponding reference inputs hence the system is multivariable system.
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Fig. 1.31 Muitivariable autopilot system

Review Questions

1. Define the following terms

(i) System (ii) Control system (iii) Input (iv) Output (v) Disturbance.

2. Explain how the control systems are classified

3. Define linear and nonlinear control systems.

4. What is time variant system? Give suitable example. How it is different than time invariant

system?

5. Define open loop and closed loop system by giving suitable examples.

6. Differentiate between open loop and closed loop systems giving suitable examples.

7. With reference to feedback control system define the following terms

i) Command input (ii) Reference mput (iii) Forward path (iv) Feedback path

8. Explain the following terms giving suitable example

i) Servomechanism (ii) Regulator

9. Distinguish between feedback control system and feed forward control system.

10. Differentiate between:

1. Linear and Nonlinear systems 2. Continuous and Discrete data systems

11. Explain what is closed loop control system.

12. Write a note on multivariable control systems.

ما

ם00

יד:



(1-24)

ما



?: Control System Engineering 1-3 Basics of Control System

The input variable is generally
referred as the Reference Input

and output is generally referred as

the Controlled Output.

Reference

input
PLANT

Controlled
output

Fig. 1.3
Cause and effect relationship

between input and output for a plant can be shown as in the Fig. 1.3.

1.3 Classification of Control Systems

Broadly control systems can be classified as,

1) Natural Control Systems: The biological systems, systems inside human being are
of natural type.

Example 1: The perspiration system inside the human being is a good example of

natural control system. This system activates the secretion glands, secreating sweat and
regulates the temperature of human body.

2) Manmade Control Systems: The various systems, we are using in our day to day

life are designed and manufactured by human beings. Such systems like vehicles,

switches, various controllers etc. are called manmade control systems.

Example 2: An automobile system with gears, accelerator, braking system is a good
example of manmade control system.

3) Combinational Control Systems : Combinational control system is one, having

combination of natural and manmade together i.e. driver driving a vehicle. In such

system, for successful operation of the system, it is necessary that natural systems

of driver alongwith systems in vehicles which are manmade must be active.

4)

But for the engineering analysis, control systems can be classified in many different
ways. Some of the classifications are given below.

Time Varying and Time - Invariant Systems : Time varying control systems are

those in which parameters of the systems are varying with time. It is not

dependent on whether input and output are functions of time or not. For

example, space vehicle whose mass decreases with time, as it leaves earth. The

mass is a parameter of space vehicle system. Similarly in case of a rocket,

aerodynamic damping can change with time as the air density changes with the
altitude. As against this if even though the inputs and outputs are functions of

time but the parameters of system are independent of time, which are not

varying with time and are constants, then system is said to be time invariant

system. Different electrical networks consisting of the elements as resistances,

inductances and capacitances are time invariant systems as the values of the

elements of such system are constant and not the functions of time. The complexity

of the control system design increases considerably if the control system is of the

time varying type. This classification is shown in the Fig. 1.4.
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5)

Input Parameters Output Input

f(t)
of system are

constants and not

functions of time
f(t)

Parameters

of system
are functions

of time

Output

(b) Time variant system
Fig. 1.4

(a) Time invariant system

Linear and Nonlinear Systems: A control system is said to be linear if it satisfies

following properties.

a) The principle of superposition is applicable to the system. This means the
response to several inputs can be obtained by considering one input at a time

and then algebraically adding the individual results.

Mathematically principle of superposition is expressed by two properties,

i) Additive property which says that for x and y belonging to the domain of the
function f then we have,

f(x + y) = f(x) + f(y)

ii) Homogeneous property which says that for any x belonging the domain of the
function f and for any scalar constant a we have,

f(a x) = a f(x)

b) The differential equation describing the system is linear having its coefficients
as constants.

c) Practically the output i.e. response varies linearly with the input i.e. forcing
function for linear systems.

Real time example : A resistive network shown in the Fig. 1.5 (a) is a linear system.

The Fig. 1.5 (b) shows the linear relationship existing between input and output.

R₁
ww

Vin R2
Linear

relationship

Vin

(b) Response of system

Vin = Input, I = Output

(a) Linear system

Fig. 1.5 Example of linear system
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A control system is said to be nonlinear, if,

a. It does not satisfy the principle of superposition.

b. The equations describing the system are nonlinear in nature.

The function f(x) = x² is nonlinear because

f(x1+x2) = (x1 +x2)²*(x1)²+(x2)2

and f(a x) = (a x)² *α x² where a = constant

The equations of nonlinear system involves such nonlinear functions.

c. The output does not vary linearly for nonlinear systems.

The various nonlinearities practically present in the system are shown in the

Fig. 1.6 (a), (b) and (c).

Output

Input

老(a) Saturation
Output

(b) Dead zone

Input

Fig. 1.6 Nonlinearities

Output

(c) Exponential or

square law

The saturation means if input increases beyond certain limit, the output remains

constant i.e. it does not remain linear. The flux and current relation i.e. B-H curve shows

saturation in practice. In some big valves, though force increases upto certain value, the
.valve does not operate. So there is no response for certain time which is called dead zone.

The voltage-current equation of a diode is exponential and nonlinear thus diode circuit

is an example of nonlinear system. This is shown in the Fig. 1.7.

R
+

Vin

(a) System

Diode Exponential
rise

0 Vin

(b) Response

Fig. 1.7 Example of nonlinear system
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It can be seen that as long as Vin increases upto certain value, current remains almost'

zero. This is a dead zone and thereafter voltage-current are exponentially related to each
other which is a nonlinear function.

Key Point : In practice it is difficult to find perfectly linear system. Most of the

physical systems are nonlinear to certain extent.

But if the presence of certain nonlinearity is negligible and not affecting the system

response badly, keeping response within its linear limits then the nonlinearity can be

neglected and for practical purpose the system can be treated to be linear.

Procedures for finding the solutions of nonlinear system problems are complicated and

time consuming. Because of this difficulty most of the nonlinear systems are treated as

linear systems for the limited range of operation with some assumptions and

approximations. The number of linear methods, then can be applied for analysis of such
linear systems.

6)

is

Continuous Time and Discrete Time Control Systems : In a continuous time

control system all system variables are the functions of a continuous time

variable 't'. The speed control of a d.c. motor using a tachogenerator feedback
an example of continuous data system. At any time 't' they are dependent on time.

In discrete time systems one or more system variables are known only at certain

discrete intervals of time. They are not continuously dependent on the time.

Microprocessor or computer based systems use such discrete time signals. The
reasons for using such signals in digital controllers are,

1) Such signals are less sensitive to noise.

2) Time sharing of one equipment with other channels is possible.

3) Advantageous from point of view of size, speed, memory, flexibility etc.

The systems using such digital controllers or sampled signals are called sampled data

systems.

Continuous time system uses the signals as shown in the Fig. 1.8 (a) which are
continuous with time while discrete system uses the signals as shown in the Fig. 1.8 (b).

Signal

Time

Signal

(a) Continuous signal (b) Discrete signal
Fig. 1.8

Time
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7) Deterministic and Stochastic Control Systems : A control system is said to be

deterministic when its response to input as well as behaviour to external

disturbances is predictable and repeatable. If such response is unpredictable,

system is said to be stochastic in nature.

8) Lumped Parameter and Distributed Parameter Control Systems: Control system

that can be described by ordinary differential equations is called lumped

parameter control system. For example, electrical networks with different

parameters as resistance, inductance, etc. are lumped parameter systems. Control

systems that can be described by partial differential equations are called

distributed parameter control systems. For example, transmission line having its

parameters resistance and inductance totally distributed along it. Hence description

of transmission line characteristics is always by use of partial differental equations.

The lumped parameters are physically separable and can be shown to be located

at a particular point while representing the system. The distributed parameters can

not be physically separated and hence can not be represented at a particular place.

9) Single Input Single Output (SISO) and Multiple Input Multiple Output (MIMO)

Systems: A system having only one input and one output is called single input
single output system. For example, a position control system has only one input
(desired position) and one output (actual output position). Some systems may have

multiple type of inputs and multiple outputs, these are called multiple input

multiple output systems.

10) Open Loop and Closed Loop Systems: This is another important classification.

The features of both these types are discussed in detail in coming sections.

1.4 Open Loop System

Definition: A system in which output is dependent on input but controlling action or

input is totally independent of the output or changes in output of the system, is called an
Open Loop System.

In a broad manner it can be represented as in Fig. 1.9.

Reference

input r(t)
Controller

u = Actuating signal

Process
Controlled

output c(t

Fig. 1.9 Open loop control system

Reference input [r(t)] is applied to the controller which generates the actuating signal

(u) required to control the process which is to be controlled. Process is giving out the
necessary desired controlled output c(t).
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1.4.1 Advantages

1-8 Basics of Control System

The advantages of open loop control system are,

1) Such systems are simple in construction.

2) Very much convenient when output is difficult to measure.

3) Such systems are easy from maintenance point of view.

4) Generally these are not troubled with the problems of stability.

5) Such systems are simple to design and hence economical.

1.4.2 Disadvantages

The disadvantages of open loop control system are,

1) Such systems are inaccurate and unreliable because accuracy of such systems are

totally dependent on the accurate precalibration of the controller.

2) Such systems give inaccurate results if there are variations in the external

environment i.e. such systems cannot sense environmental changes.

3) Similarly they cannot sense internal disturbances in the system, after the controller
stage.

4) To maintain the quality and accuracy, recalibration of the controller is necessary
from time to time.

To overcome all the above disadvantages, generally in practice closed loop systems are
used.

The good example of an open loop system is an electric switch. This is open loop

because output is light and switch is controller of lamp. Any change in light has no effect

on the ON-OFF position of the switch, i.e. its controlling action.

Similarly automatic washing machine. Here output is degree of cleanliness of clothes.

But any change in this output will not affect the controlling action or will not decide the

operation time or will not decide the amount of detergent which is to be used. Some other

examples are traffic signal, automatic toaster system etc.

1.4.3 Real Time Applications of an Open Loop System

The various illustrations of an open loop system are discussed below,

1.4.3.1 Sprinkler used to Water a Lawn

The system is adjusted to water a given area by opening the water valve and
observing the resulting pattern. When the pattern is considered satisfactory, the system is
"calibrated" and no further valve adjustment is made.

1.4.3.2 Stepper Motor Positioning System

The actual position in such system is usually not monitored. The motor controller
commands a certain number of steps by the motor to drive the output to a previously
determined location. .1
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1.4.3.3 Automatic Toaster System
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P
३.

In this system, the quality of toast depends upon the time for which the toast is

heated. Depending on the time setting, bread is simply heated in this system. The toast

quality is to be judged by the user and has no effect on the inputs.

Power input

Desired
Relay or
Controller

Heating process Actual

of bread toast
time

Controller Process

Fig. 1.10

1.4.3.4 Traffic Light Controller

A traffic flow control system used on roads is time dependent. The traffic on the road

becomes mobile or stationary depending on the duration and sequence of lamp glow. The
sequence and duration are controlled by relays which are predetermined and not

dependent on the rush on the road.

Power

Desired time
Relays to

control sequence
Lights

Actual

traffic
control

Fig. 1.11

1.4.3.5 Automatic Door Opening and Closing System

In this system, photo sensitive devices are used. When a person interrupts a light,

photo device generates actuating signal which opens the door for specific time. When
person passes through the door, light becomes continuous closing the door. The opening
and closing of the door is the output which has nothing to do with the inputs, hence an

open loop system.

The room heater, fan regulator, automatic coffee server, electric lift, theatre lamp
dimmer, automatic dryer are examples of open loop system.

1.5 Closed Loop System

Definition: A system in which the controlling action or input is somehow dependent on the
output or changes in output is called closed loop system.

To have dependence of input on the output, such system uses the feedback property.

Feedback : Feedback is a property of the system by which it permits the output to be

compared with the reference input to generate the error signal based on which the appropriate

controlling action can be decided.

l
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Basics of Laplace Transform

2.1 Background

The various methods used to solve the engineering problems are based on the

replacement of functions of time by certain frequency dependent variables. This makes the

computation job very easy. The known example of such method is the use of Fourier series

to solve certain electrical problems.

The transformation technique relating the time functions to frequency dependent

functions of a complex variable is called the Laplace transformation technique. Such

transformation is very useful in solving linear differential equations. The transfer function
of a system, which is heart of the control system analysis is based on the Laplace

transform. This chapter gives the definition of Laplace transform, some commonly used
functions and Laplace transform pairs and useful properties of Laplace and inverse Laplace

transform. Some examples are also included demonstrating the superiority of Laplace
approach over the conventional approach.

2.2 Definition of Laplace Transform

The Laplace transform is defined as below :

Let f(t) be a real function of a real variable t defined for t> 0, then

F(s) = L{f(t)} =f(t).e-sl dt
0

Where F(s) is called Laplace transform of f(t). And the variable 's' which appears in

F(s) is frequency dependent complex variable. It is given by,

s = 0+j

Where σ = Real part of complex variable 's'.

= Imaginary part of complex variable `s'.

The time function f(t) is obtained back from the Laplace transform by a process called

Inverse Laplace transform and denoted as L1. Thus,

(2-1)
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Example 2.3: Find the inverse Laplace transform of given F(s).

(s+2)

F(s) = s(s+ 3)(s+4)

The degree of N(s) is less than D(s). Hence F(s) can be expressed as,Solution :

K₁
F(s) =

S

K2
+ +

(s+3)

K3

(s+4)

2 1(s+2)
Where K₁ = s. F(s) 's(s+3}(s+4) 3x4 =64.

K2 = (s+3).  F(s)-3= (s+3)
(s+2)

s(s+3)(s+4)

(s+2)

-4
s(s+ 3)(s+4)K3 = (s+4).  F(s)= (s+4)

1/6 1/3 1/2
F(s) =

s (s+3) (s+4)

Taking inverse Laplace transform,

s=-3

4

(-3+2) 1

(-3)(-3+4)3

(-4+2) 1

(-4)(-4+3)2

..
1 1 1

2.4.2 Multiple Roots

The given function is of the form,

N(s)
F(s) =

(s-a)n D'(s)

Here there is multiple root of the order 'n' existing at s = a. The method of writing the

partial fraction expansion for such multiple roots is,

Where

F(s) =

N'(s)

Ko K K2 Kn-1 N(s)
+ +

(s-a)n + (s-a)n-1* (s-a)n-2+..+ (s-a) + D(s)

D(s) represents remaining terms of the expansion of F(s).

Key Point: Thus a separate coefficient is assumed for each power of repetative root, starting

from its highest power n to 1.
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Here find the L.C.M. of the entire right hand side and express numerator interms of

Ko,K,K2.... The numerator N(s) on left hand side is known. Compare the coefficients of

all powers of s in the numerator of both sides which will give simultaneous equations

interms of K,K₁,  K2,... Solving these equations we can obtain the coefficients

K,K,K2,...

For ease of solving simultaneous equations, we can find out the coefficient Ko by the
same method as discussed for simple roots.

Ko = (s-a)".F(s).

Similarly coefficients for simple roots present if any, can also be calculated by the

method discussed earlier, for ease of solving simultaneous equations.

While finding Laplace inverse transform of expanded F(s) refer to standard transform
pairs,

Ut] =

L[e-at tu[ =

n!

n+1 andsn

n!

n+1
(s+a)n

and Let al tn] =
n!

(s-a)n+1

Example 2.4: Obtain the inverse Laplace transform of given F(s).

(s-2)
F(s) =

s(s+1)3

Solution: The given F(s) can be expressed as,

Ko K₁ K₂
F(s) = + + +

(s+ 1)3(s+ )² (s+0

K3
S

Finding L.C.M. of right hand side,

(s-2) Ko (s)+K, (s+ l) s+K₂ (s+ D² s+K, (s+ 1)3
=

s(s+1)3 s(s+1)3

.. (s- 2) = KoS + K s²2 + K₁s + K₂s3 + 2K₂s2 + K₂S+ K3s3 +3K3s2 +3 K3S+ K3

Comparing coefficients of various powers of s on both sides,

For s3, K2 +K3 = 0 ... (1)

For s2, K+ 2 K2 + 3 K, = 0 ... (2)

For s¹, Ko + K₁ + K2 + 3 K3 = 1 ... (3)

For s, K3 =-2 ... (4)

As K3 = -2

from (1), K₂ = 2

.. from (2), K = 2
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Ko = 3.. from (3),

F(s) =

Now Le-al tn[ =

3

(s+1)3

2-12 Basics of Laplace Transform

2 2 2
+

(s+ 1)2 (s+1) S

n!

(s+a)n+1

1 eat tn

n!

1 1 1 1

F(s) = 3 +2

(&+ 10)3 + 2 (&+ D2 + 2
-2.

(s+D s

3

f(t) = L-¹ [F(s)] = et² +e'.t+2e-2

3

f(t) =12t2 e-' +2te +2e-t-2

2.4.3 Complex Conjugate Roots

If there exists a quadratic term in D(s) of F(s) whose roots are complex conjugates then

the F(s) is expressed with a first order polynomial in s in the numerator as,

F(s) =
As+B

(s2+as+B)

N'(s)
+

D'(s)

N'(s)

Where (s²+as+B) is the quadratic whose roots are complex conjugates while У)

represents remaining terms of the expansion. The A and B are partial fraction coefficients.

The method of finding the coefficients in such a case is same as discussed earlier for

the multiple roots. Once A and B are known then use the following method for calculating
inverse Laplace transform.

Consider F₁ (s) =
As+ B

s2+αs+B
A and B are known

Now complete the square in the denominator by calculating last term as,

Where

(M. T.)2

L.T. = 4 (F.T.)

L.T = Last term

M.T = Middle term

F.T = First term

'ח
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α2

L.T. =4

F(s) =
As+ B

α2 α2

s²+as++B-

As+ B

+2

2+s

Where
α2

= √B-4

Now adjust the numerator As + B in such a way that it is of the form,

Ue-" sin ot] = (s+a)2 +02
or L [e-at cos t]

(s+a)

(s+a)2+02

Key Point: Thus inverse Laplace transform of F(s) having complex conjugate roots of D(s),

always contains sine, cosine or damped sine or damped cosine functions.

Example 2.5: Find the inverse Laplace transform of

Solution:

52+3
F(s)

(s2+2s+5)(s+2)

The given F(s) can be written as,

As+B C
F(s) = +

s2+2s+5 s+2

As s²+2s+5 has complex conjugate roots. To find A, B and C find L.C.M. of right
hand side,

F(s) =

s2+3

(s2+2s+5)(s+2)

(s+2)(As+B)+C(s2 +2s+5)

(s2+2s+5)(s+2)

As 2 +2 As+ Bs+2 B+ Cs2 +2sC+5C

(s2+2s+5) (s+2)

Comparing the coefficients of various powers of s, of the numerators of both sides

s2+3 = s2 (A+C)+s(2A+B+2C)+(2B+5C)

A +C = 1

...2A + B + 2C = 0

2B +5C = 3

...(1)

... (2)

... (3)

To solve the equations quickly, the coefficient C corresponding to the simple, real root
can be obtained as,

C = F(s).(s+2)=-2=
(s2+3) (s+2)

-2 (82+2s+5) (s+2)
s=-2

(4+3) 7

(4-4+5) =5
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Substituting in (1) and (2),

2

A = -5

and B =-2

2 7

-3s-2 5
.. F(s)

s2+28+5 (s+2)

2

-38-2
Consider F(s)

s2+28+5

Completing square in the denominator,

As

2

-38-2
2

-35-2
F(s) =

s2+2s+1+5-1 (s+1)²+(2)2

s+5

[(s+ D²+(2)2

21

2[ s+1+4

5 (s+ D2+(2)2
split 4 as 2×2

2 s+1 2
+2x

5 (s+ )2+(2)2 (s+ )2+(2)2 لا

7

2 (s+1) 2 5
F(s) =

5 +2x
[(s+ )2 +(2)2 (s+ D² +(2)2 +(s+2)

(s+a)
-

(s+a)² +2
= [e-al cosot] and

ω
-

(s+a)²+2
= [e-a sin ot]

Hence taking inverse Laplace transform of F(s),

2 7

f(t) = -le-t cos 2t +2 e-t sin 2t+e-2

2.5 Use of Laplace Transform in Control System

The control systems can be classified as electrical, mechanical, hydraulic, thermal and

so on. All systems can be described by integrodifferential equations of various orders.

While the output of such systems for any input can be obtained by solving such
integrodifferential equations. Mathematically, it is very difficult to solve such equations in
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time domain. The Laplace transform of such integrodifferential equations converts them

into simple algebraic equations. All the complicated computations then can be easily
performed in s domain as the equations to be handled are algebraic in nature. Such

transformed equations are known as equations in frequency domain.

Then by eliminating unwanted variable, the required variable in s domain can be

obtained. Then by using technique of Laplace inverse, time domain function for the

required variable can be obtained. Hence making the computations easy by converting the

integrodifferential equations into algebraic is the main essence of the Laplace transform.

Example 2.6: Obtain the expression for y(t) which is satisfying the differential equation

d2 y(t)dy(t)
dt2 + 6 dt + 8 y(t) = 16e-1. Neglect initial conditions.

Solution: Taking Laplace transform of both sides of the given differential equation and
d²y(t) dy(t)

neglecting initial condition terms in Laplace transform of and d we get,dt2

s2Y(s) + 6sY(s) + 8Y(s) =
16

s+ 1

16
..(s²+6s+8) Y(s) = (s+1)

16
.. Y(s) =

(s+1) (s2+6s+8)

16
Y(s) = (s+1) (s+2) (s+4)

a1 a2 a3

Y(s) = s+1+ s+2+ s+4

Y(s) =
5.33 8 2.66

s+1 s+2 s+4

Taking inverse Laplace transform of Y(s),

y(t) = 5.33e-t - 8e-2! + 2.66e4t

This is the required solution of differential equation.

2.6 Special Case of Inverse Laplace Transform

Let us see now if the order of P(s) and Q(s) of the function F(s) is same. In such case

P(s) must be divided by Q(s), to obtain the seperation of F(s) as a constant term which is

result of the division and the remainder polynomial P'(s) having order less than Q(s).

So
P(s)

F(s) = Q(5) ... order of P(s) and Q(s) same

ו
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P' (s)

= K+Q(s) .... after dividing P(s) by Q(s)

Now Laplace inverse of constant term is impulse function. Refer last pair in the
Table 2.2

L-¹ (K} = K8(t) where 8 (t) = unit impulse.

While P' (s)/Q(s) can now be expressed to obtain partial fraction expansion, to get its

inverse very easily.

Note: The same method is to be applied F(s) with order of numerator polynomial
P(s) is greater than denominator polynomial Q(s)

Example 2.7: Find the Laplace inverse of F(s) =

Solution: Divide P(s) by Q(s).

s3+8s2+17s+10) s3+18s2+ 3s + 5 (1K

53 + 8s2+17s +10

s3+18s2+3s+5

s3+8s2+17s+10

10s2 -14s - 5 →P'(s))

10s2-14s-5
F(s) = 1+

s3+8s2+17s+10

10s2-14s-5 A B C

= 1+(s+2) (s+1) (s+5) = 1+s+2+s+1+s+5

10s2-14s-5
A= =-21

10s2-14s-5
B = 4.75

s-1

10s2-14s-5
C = 26.25

s=-5

Where

21 4.75 26.25

F(s) = 1-3+2+s+1+ s+5

f(t) = L-1 (F(s)} = 8(t)-21 e-2t +4.75 e-t +26.25 e- 5t

L-¹ {1} = 8(t) = Unit impulse function.

ما
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Examples with Solutions

> Example 2.8: In the circuit given, the values of R and C are 1 MQ and 1 ul respectively.

Obtain the expression for the current flowing in the circuit if it is supplied with an input of
step voltage of 1 V at t = 0.

Step of

1 Vatt=0
c

i(t)

Fig. 2.1

Solution : Let us write down the equation for the circuit given, assuming supply voltage
as v(t).

R

v(t) i(t)
c

Fig. 2.1(a)

Applying Kirchhoff's voltage law we get,

1

vt = it)R + ft atC

Where voltage across capacitor is i(t) dtI 

While v(t) = Step of 1 V at t = 0 as shown in the Fig. 2.1(b).

Taking Laplace transform of both sides of above equation,

v(t) 4

1

1 I(s) 이

V(s) = I(s) R +
C Fig. 2.1(b)

Neglecting initial conditions hence neglecting the term of initial condition in Laplace
transform of i(t) dt.

Now
1

V(s) =
s

as v(t) is step of 1 V ... Refer pair 1 in Table 2.2

1 1
= I(s) R +I(s)

S SC

ו
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..

1

= I(s) R+
S SC

1 I(s) [1+ sRC]
S

.. I(s)

sC

C

1+ SRC

Γ

1 1

I(s)
R 1

s+
RC

2-18 Basics of Laplace Transform

C

1
RC s+

RC

Taking Laplace inverse, referring Table 2.1

12

i(t) = Re
RC

Substituting values of R and C,

t

1
i(t) = e-1x 106 x 1x 10-6

1x 10+6

i(t) = 1x 10-6 e-t A

Key Point: It can be observed in this example that solving the equation in time domain for

the current involves calculation of complementary function, then particular integral and

arbitrary constants, independently. In Laplace approach we get the answers of all in a single

step. Hence Laplace approach proves to be superior over a normal approach.

Example 2.9: A series circuit consisting of resistance R and an inductance of L henry is

connected to a supply of v(t) volts. Find the expression of the current in s domain. Also
calculate the value of current at t = 0.5 msec with R = 1x 103 , L = 25 mH and supply

is a step voltage of 50 V. Neglect initial condition.

Solution: The circuit is shown in the Fig. 2.2.

Applying KVL we get,

R

di(t)
v(t) = i(t) R+ L

dt
v(t) i(t)

Taking Laplace and neglecting initial

conditions of current we get, Fig. 2.2

V(s) = 1(s)R + LsI(s)

V(s) = I(s) [R + sL]

l
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V(s)

I(s) = R+sL

50
Now R = 1x103 L = 25x10-3H

and V(s) =S

50

..

... A = 0.05

1(s) = s[1×103+sx 25x10-3]

50
I(s) =

25x 10-3 sx [s+4x 104]

I(s) =
2000

s [s+4x104]

and B = - 0.05

A
+

B

s+ [s+4× 104]

0.05
I(s) =

0.05

s+4x 104S

Taking inverse Laplace transform,

i(t) = 0.05 -0.05 e-4×104t A

i(t) = 0.05 (1-e-4x104t) А

At t = 0.5 msec = 0.5x 10-3 sec

i(t) = 0.05 (1-e-4x 104 x05x10-3) A

i(t) = 0.05 А.

...Taking 25x10-3 outside

20
Example 2.10: Calculate Laplace inverse of F(s) =

s(s2+2s+5)

20

Solution: F(s) = s(52+2s+5)

Now quadratic s2+2s+ 5 has complex conjugate roots.

Therefore partial fraction expansion of F(s) is,

..

20 ai a2 s+a з

F(s) = s(s2+2s+5) = S s2+2s+5

20 = a1 (s2+2s+5) s+ s(a2 s+а 3)

20 = s2 (a1+a2)+s(2a1 +a 3)+5a1

5a1 = 20 equating constants

2a1 +a 3 = 0 equating coefficients of s

a1+a2= 0 equating coefficients of s2

... Partial fractions
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L-¹ [F(s)] = L-1 (L(f(t))} = f(t)

The time function f(t) and its Laplace transform F(s) is called transform pair.

Example 2.1: Find the Laplace transform of e-at and 1 for t20.

Solution: (i) f(t) = e-at

F(s) = L[f(t)} = f(t) e-st dt = {e-at. e-st dt
이 이

1
700

= fe-(s+a)t dt = e-(s+a)t
(s+a)

이 0

-1 1
= 0- =

s+a s+a

1 11
L{e~at} = and L-1 =e-at

8+a s+a

(ii) f(t) = 1

F() = I f() e* dt=
-st

e
1

e-st dt =

0 이

1 1
L{1} = and =1

S s

1

2.3 Properties of Laplace Transform

Number of important properties of the Laplace transform are discussed in this section.

The table of Laplace transform pairs is developed using these properties.

2.3.1 Linearity

The transform of a finite sum of time functions is the sum of the Laplace transforms of
the individual functions.

So if F(s), F2(s),., Fn(s) are the Laplace transforms of the time functions f (t),
2(t),, fn(t) respectively then,

L(f(t) + f2(t) +.........+ fn(t)} = F(s) + F2(s) + .........+ Fn(s)

The property can be further extended if the time functions are multiplied by the
constants i.e.

L {a1f (t) + a2f2(t) + ......t anfn(t) } = a1 (s) + a2F2(s) + ......+ anFn(s)

Where a1, a2........., an are constants.
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a1+a2= 0 equating coefficients of s2

.. a1 = 4 a2=4 a 3=-8

F(s) = +
4 -4s-8 4

s s2+2s+5
4

S

s+2

s² + 2s+52

Completeing square in the denominator

4
F(s) =-

S

4
s+2 4 s+2

4

s2+2s+1+ 5 - 1

Now the denominator is in the form (s+ a)2 +w2. Let us adjust numerator to get the
expression in standard form.

F(s) =-4
s+1+1

(s+1)2 + (2)2

=

4

S

s+2 1
+

(s+1)2 + (2)2

(s+a)
Now first term is in the form which is Laplace of e-at cos wt.

(s+ a)2 + ²

While the second term needs adjustment of constant to get in the form

which is Laplace of eat sin wt.

ω

(s+a)2 + ²

R)
4

S

(s+ 1) 1 2

+ 2 (s+ 1)2 + (2)2

Taking inverse Laplace transform we get.

f(t) = 4-4[e-t cos 2t+ 0.5 e-t sin 2t]

f(t) = 4-e-t (4cos 2t+ 2sin 2t)

000

l
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2.3.2 Scaling Theorem

2-3 Basics of Laplace Transform

If K is a constant then the Laplace transform of K f(t) is given as K times the Laplace
transform of f(t).

L {K f(t)) = K F(s) ... K is constant

2.3.3 Real Differentiation (Differentiation in Time Domain)

Let F(s) be the Laplace transform of f(t). Then,

(d f(t))
L

dt = s F(s) - f(0-)

Where f (0-) indicates value of f(t) at t = 0- i.e. just before the instant t = 0.

The theorem can be extended for nth order derivative as,

Lde[dnf(t)]
= s" F(s)-sn-1 f(0-)-sh-2 f(0-)-... - f("- 1) (0-)dt"

Where f(n- 1) (0-) is the value of (n - 1)th derivative of f(t) at t = 0-.

ie for n = 2, 1 {d} = s* F()-s R0-)-  f(0-(

[d3f(t)]
for n = 3, L

dt 3

=

s3F(s)-s2f (0-)-sf (0-)-f" (0-) and so on.

This property is most useful as it transforms differential time domain equations to

simple algebraic equations, along with the initial conditions, if any.

2.3.4 Real Integration

If F(s) is the Laplace transform of f(t) then,

F(s)
L

S

This property can be extended for multiple integrals as,

In

L I nod, d.dt
F(s)

sn
0 0
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2.3.5 Differentiation by s

2-4 Basics of Laplace Transform

If F(s) is the Laplace transform of f(t) then the differentiation by s in the complex
frequency domain corresponds to the multiplication by t in the time domain.

-d F(s)

L{tf(t)} ds

Thus, Lt = L{tx1} = - [L
d 2ssd-= [(1}1] SP-

d d 1

L{t2} = L{ txt = [L{}] = - ds s2 $ 3

d1 1 1!

51+1

2 2!

$2+1

n!

L{tn} = 1+uS

2.3.6 Complex Translation

If F(s) is the Laplace transform of f(t) then by the complex translation property,

and
F(s - a) = L{eal f(t)} F(s + a) = L {e-a' f(t)}

F(s + a) = F(s)
ls=sta

Where F(s) is the Laplace transform of f(t).

2.3.7 Real Translation (Shifting Theorem)

This theorem is useful to obtain the Laplace transform of the shifted or delayed
function of time.

If F(s) is the Laplace transform of f(t) then the Laplace transform of the function

delayed by time T is,

L{f(t-T)} = e-Ts F(s)

2.3.8 Initial Value Theorem

The Laplace transform is very useful to find the initial value of the time function f(t).

Thus if F(s) is the Laplace transform of f(t) then,

f(0+) = Lim f(t) = Lim s F(s)+01

8

The only restriction is that f(t) must be continuous or at the most, a step discontinuity
at t = 0.
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2.3.9 Final Value Theorem

2-5 Basics of Laplace Transform

Similar to the initial value, the Laplace transform is also useful to find the final value

of the time function f(t). Thus if F(s) is the Laplace transform of f(t) then the final value
theorem states that,

Lim f(t) = Lims F(s)3-

The only restriction is that the roots of the denominator polynomial of F(s) i.e. poles of

F(s) have negative or zero real parts.

Example 2.2: Find the Laplace transform of sin wt.

Solution : The sin ot can be expressed using Euler's equation as,

ej-e-ix

sin ot =
2j

ejox-e-j

L{ sin ot} = L 2j

ejux
=

421 L

1
Now L{eat } =

-jext

2j

and Lie-at} =

... using Linearity property

1

s-a s+a

1 1 11 1Γ 1 1

L{ sin ot} =

2j s-jw 2js+jw 2js-jo s+j]

1[s+j@-s+jo ] 1 2jo

-2j (s-jw)(s+jo) 2j s2-(jw)2

=

s2+2

ω

L{ sin ot} = s2+2
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Table of Laplace Transforms:

f(t)

1

2-6 Basics of Laplace Transform

F(s)
1

S
1

Waveform

이

Constant K

K f(t), K is constant

t

K

K F(s)

1

K
4

0

ก

52

n!

Sn+1

e-at 1

s+a

eat 1

s-a

e-at tn

sin wt

n!

(s+a)n+1

52+4²

cos wt S

52+02

ea sin wt

(s+a)2+w2

t

0

0

A이
e Cos wt

sinh wt

cosh wt

(s+a)

(s+a)²+²

0

52-2

S

s2-w2

AA이

Table 2.1 Standard Laplace transform pair
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Function f(t)

Unit step = u(t)

Laplace
Transform F(s)

1

S

Waveforms

A u(t)

Delayed unit step = u(t - T)

4
1

이

As

이

e-Ts

S
A

FT

A u(t- T) A e-Ts

S
A

0T

Unit ramp = r(t) = t u(t)

A t u(t)

Delayed unit ramp = r(t - T) = (t - T) u(t T)

☑ Slope = 1

이

이

Slope = A

ا

A (t-T) u(t - T) A e-Ts

S2

Slope = 1

3 T

Unit impulse = 8 (t)

Slope =  A

LA
1

1A

1=0
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Delayed unit impulse = 8(t-T) e-Ts

Basics of Laplace Transform

0 1=T

Impulse of strength K i.e. K8 (t) K

KA

t=0

Table 2.2 Laplace transforms of standard time functions

2.4 Inverse Laplace Transform

As mentioned earlier, inverse Laplace transform is calculated by partial fraction

method rather than complex integration evaluation. Let F(s) is the Laplace transform of f(t)
then the inverse Laplace transform is denoted as,

F(t) = L-1[F(s)]

The F(s), in partial fraction method, is written in the form as,

F(s)
N (s)

= D(s)

Where N(s) = Numerator polynomial in s

and D(s) = Denominator polynomial in s

Key Point: The given function F(s) can be expressed in partial fraction form only when
degree of N(s) is less than D(s).

Hence if degree of N(s) is equal or higher than D(s) then mathematically divide N(s)
by D(s) to express F(s) in quotient and remainder form as,

F(s) = Q + F(s)

N'(s)

= Q+ D(s)

Where Q = Quotient obtained by dividing N(s) by D(s)

N'(s)
and

F(s) = D(s) = Remainder




















































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































